METAPLECTIC TENSOR PRODUCTS FOR AUTOMORPHIC 
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Abstract. Let M = GL^ x • ■ ■ x GLr^ C GLr be a Levi subgroup of GLr , where r = ri + • • ■ + r^; , 
and M its metaplectic preimage in the n-fold metaplectic cover GL^ of GL^. For automorphic repre- 
sentations 7ri , . . . , TTj. of GLri (A), . . . , GLrj. (A), we construct (under a certain technical assumption, 
which is always satisfied when ra = 2) an automorphic representation tt of M(A) which can be con- 
sidered as the "tensor product" of the representations tti , . . . , ttj. . This is the global analogue of 
the metaplectic tensor product defined by P. Mezo in the sense that locally at each place v, iTy is 
equivalent to the local metaplectic tensor product of 7ri„, . . . ,7rj.^ defined by Mezo. Then we show 
that if all of tt; are cuspidal (resp. square-integrable modulo center), then the metaplectic tensor 
product is cuspidal (resp. square-integrable modulo center). We also show that (both locally and 
globally) the metaplectic tensor product behaves in the expected way under the action of a Weyl 
group element, and show the compatibility with parabolic inductions. 

1. Introduction 

Let F be either a local field of characteristic or a number field, and i? be if is local and the 
ring of adeles A if F is global. Consider the group GLr{R). For a partition r = ri + ■ ■ ■ + rk oi r, one 
has the Levi subgroup 

M{R) GLr,(i?) X • • ■ X GLr,{R) C GLr{R). 

Let TTi, . . . , TTfc be irreducible admissible (resp. automorphic) representations of GL^- (i?), . . . , GLj-^, (R) 
where F is local (resp. F is global). Then it is a trivial construction to obtain the representation 
TTi €5 • • • (8>7r/j, which is an irreducible admissible (resp. automorphic) representation of the Levi M{R). 
Though highly trivial, this construction is of great importance in the representation theory of GLj.(i?). 

Now if one considers the metaplectic n-fold cover GLr{R) constructed by Kazhdan and Patterson 
in |KP| . the analogous construction turns out to be far from trivial. Namely for the metaplectic 
preimage M{R) of M{R) in GLr{R) and representations tti, . . . ,7rfc of the metaplectic n-fold covers 
GLr.(-R), . . . , GLr^{R), one cannot construct a representation of M{R) simply by taking the tensor 
product TTi (g)- • - igjTrfc. This is simply because M{R) is not the direct product of GL^. (-R), . . . , GL^^ (i?), 
namely 

M{R) ^ GL^, (i?) X • • • X GL^, (i?), 

and even worse there is no natural map between them. 

When F is a local field, for irreducible admissible representations tti , . . . , tt^ of GL^^ (F) , . . . , GL^j, (F) , 
P. Mezo { |Me| ) . whose work, we believe, is based on the work by Kable |K2) . constructed an irreducible 
admissible representation of the Levi M{F), which can be called the "metaplectic tensor product" 
of TTi, . . . ,7rfc, and characterized it uniquely up to certain character twists. (His construction will be 
reviewed and expanded further in Section |4l) 

The theme of the paper is to carry out a construction analogous to Mezo's when F is a number 
field, and our main theorem is 
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Main Theorem. Let M — GL^ x • • • x GLpj. be a Levi subgroup o/GLr, and let t:i, ... ,Trk be unitary 
automorphic representations oJ GLj-- (A), . . . , GLj-^. (A). Assume that M and n are such that Hypothesis 
\3.21\ is satisfied, which is always the case if n = 2. Then there exists an automorphic representation 
TT of M(A) such that 

~i 

where each is the local metaplectic tensor product of Mezo. Moreover, if tti, . . . , tt^ are cuspidal 
(resp. square-integrable modulo center), then tt is cuspidal (resp. square-integrable modulo center). 

In the above theorem, 0^ indicates the metaplectic restricted tensor product, the meaning of 
which will be explained later in the paper. The existence and the local-global compatibility in the 
main theorem are proven in Theorem l5.141 and the cuspidality and square-integrability are proven in 
Theorem 15.171 and Theorem 15.181 respectively. 

Also we should emphasize that if n > 2, we do not know if our construction works unless we impose 
a technical assumption as in Hypothesis 13.211 We will show in Appendix that this assumption is 
always satisfied if n = 2. We hope that even for n > 2 it is always satisfied, though at this moment 
we do not know how to prove it. 

As we will see, strictly speaking the metaplectic tensor product of tti, . . . , tt^ might not be unique 
even up to equivalence but is dependent on a character uj on the center of GL^. Hence we write 

■■= (7ri(g) • ■ • §)Trk)u, 

for the metaplectic tensor product to emphasize the dependence on uj. 

Also we will establish a couple of important properties of the metaplectic tensor product both 
locally and globally. The first one is that the metaplectic tensor product behaves in the expected way 
under the action of the Weyl group. Namely 

Theorem 14.91 and 15.231 Let w G Wm be a Weyl group element of GL^ that only permutes the 
GLr--factors of M . Namely for each (gi, . . . , g^) e GL^ x--- x GL^^., we have w{gi, . . . , gk)w~^ = 
(5cr(i)i ■ ■ ■ ,9a{k}) for a permutation a G Sk of k letters. Then both locally and globally, we have 

where the left hand side is the twist of (tti® ■ • ■ <Snrk)uj by w. 

The second important property we establish is the compatibility of the metaplectic tensor product 
with parabolic inductions. Namely 

Theorem 14.191 and 15.261 Both locally and globally, let P ~ MN C GL^ be the standard parabolic 
subgroup whose Levi part is M — GL^^ x • • • x GL^^. . Further for each i = 1, . . . , fc let Pi — MiNi C 
GL^. be the standard parabolic o/GLr- whose Levi part is Mi = GL^- ^ x • • • x GL^- . For each i, we 
are given a representation 

of Mi, which is given as the metaplectic tensor product of the representations r^.i, . . . , Ti^i. o/GL^. ^ , . . . , GL^, 

GL 

respectively. Assume that tt^ is an irreducible constituent of the induced representation Ind~ ''^ Ui. 
Then the metaplectic tensor product 

TTu, ■■= (tTi (g) • ■ ■®T:k)u, 
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is an irreducible constituent of the induced representation 



Indg (ri,i (g)- • -(gjTi^/j ®---®Tk^i®---®Tk,i^)uj, 

where Q is the standard parabolic subgroup of M whose Levi part is Mi x • • • x Mfe. 

In the above two theorems, it is imphcitly assumed that if n > 2 and F is global, the metaplectic 
tensor products in the theorems exist in the sense that Hypothesis (|3.21l) is satisfied for the relevant 
Levi subgroups. 

Finally at the end, we will discuss the behavior of the global metaplectic tensor product when 
restricted to a smaller Levi. Namely for each automorphic form ip e {tti(^ ■ ■ ■ (E)Trk)uj in the metaplectic 
tensor product, we would like to know which space the restriction f/'lj^^ belongs to, where M2 = 
{In } X GLr2 X • ■ • X GLj-fc C M, viewed as a subgroup of M, is the Levi for the smaller group GLr-n ■ 
Somehow similarly to the non- metaplectic case, the restriction ip\j^^ belongs to the metaplectic tensor 
product of , . . . , TTfc . But the precise statement is a bit more subtle. Indeed, we will prove 

Theorem 15.361 Assume Huvothesis \5.3C^ is satisfied, which is always the case if n = 2. Then there 
exists a realization of the metaplectic tensor product tt^^ — (ttiiX) • • • 'Sn^k)uj such that, if we let 

then 

tTc^IIm^ja) ^ 0m5(7r2®---®7rfc)^,, 

s 

as a representation of M2{A), where (772® ■ • • (§Trk)us I'he metaplectic tensor product of 1^2, ■ ■ ■ , T^k, 
UJs is a certain character twisted by 5 which runs through a finite subset of GL^j {F) and mg £ Z^'' is 
a multiplicity. 

The precise meanings of the notations will be explained in Section [5.61 

Even though the theory of metaplectic groups is an important subject in representation theory and 
automorphic forms and used in various important literatures such as [HI 10 IBBLl IBFHl IBHl |S] to 
name a few, and most importantly for the purpose of this paper, |BGj which concerns the symmetric 
square L- function on GL(r) , it has an unfortunate history of numerous technical errors and as a result 
published literatures in this area are often marred by those errors which compromise their reliability. 
As is pointed out in [BLSj , this is probably due to the deep and subtle nature of the subject. At any 
rate, this has made people who work in the area particularly wary of inaccuracies in new works. For 
this reason, especially considering the foundational nature of this paper, we tried to provide detailed 
proofs for most of our assertions at the expense of the length of the paper. Furthermore, for large 
part, we rely only on the two fundamental works, namely the work on the metaplectic cocycle by 
Banks, Levy and Sepanski ( |BLSj ) and the local metaplectic tensor product by Mezo f [Mej ) . both of 
which are written carefully enough to be reliable. 

Finally, let us mention that the result of this paper will be used in our forthcoming |T2) , which will 
improve the main result of jTlj . 
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Throughout the paper, is a local field of characteristic zero or a number field. If is a number 
field, we denote the ring of adeles by A. As we did in the introduction we often use the notation 



R 



F if F is local 
A if F is global. 

The symbol has the usual meaning and we set 

i?^" = {a" : a G i?^}. 

Both locally and globally, we denote by the ring of integers of F. For each algebraic group G over 
a global F, and g G G{A), by wc mean the v^^ component of g, and so g^ G G{Fy). 

For a positive integer r, we denote by Ir the r x r identity matrix. Throughout we fix an integer 
n > 2, and we let be the group of n*'^ roots of unity in the algebraic closure of the prime field. We 
always assume that /i„ C F, where F is either local or global. So in particular if n > 3, then F = C 
for archimedean F, and F is totally complex for global F. 

The symbol (— ,— )f denotes the n*^ order Hilbert symbol of if F is local, which is a bilinear 
map 

If F is global, we let (— , — )a := , ^)f„, where the product is finite. Wc sometimes write simply 

(— , — ) for (— , when there is no danger of confusion. Let us recall that both locally and globally 
the Hilbert symbol has the following properties: 

{a,b)-' = {b,a) 

(a",6) = (a,6") = l 

(a, —a) = 1 

for a,b E R^ . Also for the global Hilbert symbol, we have the product formula (a, 6)a = 1 for all 
a,6 G i^^. 

We fix a partition n H h r/j = r of r, and we let 

M = GLr, X • • ■ X GLr^ C GLr 

and assume it is embedded diagonally as usual. We often denote each element m G M by 

(91 \ 
m= •.. , or m = dia.g{gi,...,gk) 

\ 9k/ 

or sometimes simply m = {gi, . . . , gk), where gi G GL^. . 

For GLr, we let B = TNb be the Borel subgroup with the unipotent radical Nb and the maximal 
torus T. 

If TT is a representation of a group G, we denote the space of tt by V^, though we often confuse tt 
with when there is no danger of confusion. Now assume that the space 14 is a space of functions 
or maps on the group G and tt is the representation of G on defined by right translation. (This is 
the case, for example, if tt is an automorphic representation.) Let i? C G be a subgroup. Then we 
define 7r||jj to be the representation of H realized in the space 

V„\l, := {f\H : / G 

of restrictions of / G to ff, on which H acts by right translation. Namely 7r||i/ is the representation 

obtained by restricting the functions in V^. Occasionally, wc confuse 7r||^f with its space when there 
is no danger of confusion. Note that there is an ff-intertwining surjection 7r|i/ — ?• 7r||//, where tt is the 
(usual) restriction of tt to H. 
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For any group G and elements g,h G G, we define — ghg^^ . For a subgroup H C G and a 
representation tt of H, we define ^tt to be the representation of gHg~^ defined by ^nih') — TT{g~^h'g) 
for h' G gHg-^. 

We let be the set of all r x r permutation matrices, so for each element w ^ W each row and 
each column has exactly one 1 and all the other entries are 0. The Weyl group of GL^ is identified 
with W. Also for our Levi M, we let Wm be the subset of W that only permutes the GL^. -blocks of 
M. Namely Wm is the collection of block matrices 

WM■.^{{Sai^).JIr,)eW■.aeSk}, 

where Sk is the permutation group of k letters. Though Wm is not a group in general, it is in bijection 
with Sk- Note that if w G Wm corresponds to a Sk, we have 

diag(5i, . . . ,5fc) = u;diag(5i, . . .,gk)w~^ = diag(5^-i(i), . . . , g^-i(fc)). 

In addition to W, in order to use various results from |BLS| . which gives a detailed description of 
the 2-cocycle ar defining our metaplectic group GL^, one sometimes needs to use another set of 
representatives of the Weyl group elements, which we as well as |BLS| denote by SOT. The set SOT is 
chosen to be such that for each element 77 G 371 we have det(77) = 1. To be more precise, each rj with 
length I is written as 

where Wa- is a simple root refection corresponding to a simple root and is the matrix of the form 



V ■■■/ 

Though the set COl is not a group, it has the advantage that we can compute the cocycle ar in a 
systematic way as one can see in |BLS| . For each w G W, we denote by ry^ the corresponding element 
in DJt. If w G Wm, one can see that rjio is of the form {£jScr{i}jIrj) for ej G {±1}. Namely ?]w is a 
k X k block matrix in which the non-zero entries are either Irj or —Ir.j ■ 
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2. The metaplectic cover GL^ of GL^ 

In this section, we review the theory of the metaplectic n-fold cover GL^ of GL^ for both local and 
global cases, which was originally constructed by Kazhdan and Patterson in [KPj . 

2.1. The local metaplectic cover GLr{F). Let _F be a (not necessarily non-archimcdean) local field 
of characteristic which contains all the n"^ roots of unity. In this paper, by the metaplectic n-fold 
cover GLr{F) of GLr{F) with a fixed parameter c G {0, ... ,n — 1}, we mean the central extension 
of GLr(F) by /k„ as constructed by Kazhdan and Patterson in [KPj . To be more specific, let us first 
recall that the n-fold cover SLr+i(F) of SLr+i(F) was constructed by Matsumoto in [Mat] . and there 
is an embedding 

(2.1) Z : GL^(F) -> SL^+i(F), g^ 
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Our metaplectic 71-fold cover GLr{F) with c = is the preimage of /(GLr(F)) via the canonical 
projection SLr+i(i^) — ?> SLr+i(i^). Then GLr{F) is defined by a 2-cocycle 

<7r : GU(i^) X GL^(F) 
For arbitrary parameter c G {0, . . . , n — 1}, we define the twisted cocycle ai-"^^ by 

ai^Hg,g') ^ arig,g'){det{g),detig')rF 

for g,g' GLr{F), where recall from the notation section that (— , — )i? is the n^^ order Hilbert symbol 
for F. The metaplectic cover with a parameter c is defined by this cocycle. In |KP| . the metaplectic 

~ (c) 

cover with parameter c is denoted by GL^ {F) but we avoid this notation. This is because later we 

— (") '. 

will introduce the notation GL^ (F), which has a completely different meaning. Also we suppress 
the superscript (c) for the notation of the cocycle and always agree that the parameter c is fixed 
throughout the paper. 

By carefully studying Matsumoto's construction, Banks, Levy, and Sepanski ([BLS.) gave an explicit 
description of the 2-cocycle cr^ and shows that their 2-cocycle is "block-compatible" in the following 
sense: For the standard (ri, . . . , rj;)-parabolic of GL^, so that its Levi M is of the form GL^^ x • • • x 
GL^j. which is embedded diagonally into GL^, we have 



(2.2) ar{ 



) 



\ 9kJ \ fffcy 

= X{^rA9^,9'i) n (det(5,),det(g;))F[](det(g,),det(g^-))F, 

i—l l<i<j<k i^j 

for all gi,g'i G GL^. (i^). (See [BLSi Theorem 11, §3]. Strictly speaking in |BLSJ only the case c = 
is considered but one can derive the above formula using the bilinearity of the Hilbert symbol.) This 
2-cocycle generalizes the well-known cocycle given by Kubota |Kub] for the case r — 2. Also we should 
note that if r = 1, this cocycle is trivial. Note that GLr(F) is not the F-rational points of an algebraic 
group, but this notation seems to be standard. 

Let us list some other important properties of the cocycle ct^, which we will use in this paper. 

Proposition 2.3. Let B = TNb be the Borel subgroup o/GL^ where T is the maximal torus and Nb 
the unipotent radical. The cocycle Ur satisfies the following properties: 

(0) <yr{g,g')crr{gg',g") = cr,.(.g,5'.g")f^r(ff',5") forg,g',g" e GL^. 

(1) (Jring, g'n') — (7rig,g') for g,g' G GL,. and n,n' G Nb, and so in particular (Jr{ng^n') = 
ar{n,g'n') = 1. 

(2) ar{gn,g') = ar{g,ng') for g,g' G GL^ and n G Nb- 

(3) (j{'q,t) — Y\ {—tj,ti) forrj G 9Jl andt — diag(ti, . . . ,tr) G T, where is the set of positive 

r(Q<0 

roots and each root a G is identified with a pair of integers {i,j) with I < i < j < r as usual. 

(4) (Jr{t, t') = n (t„ t;)(det(t), det(i'))" for t - diag(ti, . . . , i,), i' = diag(i'i, . . . , 4) G T. 



(5) ar{t, Tj) = 1 fort eT andfj e M. 
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Proof. The first one is simply the definition of 2-cocycle and all the others are some of the properties 
of ar listed in (BLSj Theorem 7, p.l53]. □ 

We need to recall how this cocycle is constructed. As mentioned earlier, Matsumoto constructed 
SLr+i{F). It is shown in |BLS| that SLr+i(-F) is defined by a cocycle crsL,.+i which satisfies the 
block-compatibility in a much stronger sense as in [BLS| Theorem 7, §2, pl45]. (Note that our SL^+i 
corresponds to of |BLS| .) Then the cocycle ar is defined by 

f^r (5, g') = f^SL.+i Uff'))(det(5), det(5'))F(det(5), det(g'))^, 
where I is the embedding defined in (j^ . (See [BLSi p. 146].) ^ ^ 

Since we would like to emphasize the cocycle being used, we denote GLr(F) by "'GLr{F) when the 
cocycle a is used. Namely °'GLr(F) is the group whose underlying set is 

'^GL,(F) = GU(F) x^l„ = {{g,0 ■■ 9 e GLr(^^),^ e ^ln}, 

and the group law is defined by 

To use the block-compatible 2-cocycle of [BLSj has obvious advantages. In particular, it has been 
explicitly computed and, of course, it is block-compatible. Indeed, when we consider purely local 
problems, we always assume that the cocycle ct^ is used. 

However it does not allow us to construct the global metaplectic cover GL^ (A) . Namely one cannot 
define the adelic block-combatible 2-cocycle simply by taking the product of the local block-combatible 
2-cocycles over all the places. Namely for g,g' G GLr(A), the product 

Y[crr,vi9v,9'v) 

V 

is not necessarily finite. This can be already observed for the case r = 2. (See [F', p. 125].) 

For this reason, we will use a different 2-cocycle which works nicely with the global metaplectic 
cover GLr(A). To construct such r^, first assume F is non-archimedean. It is known that an open 
compact subgroup K splits in GLr{F), and moreover if \n\F — 1, we have K ~ GLr{OF)- (See |KP| 
Proposition 0.1.2].) Also for k,k' ^ K, a property of the Hilbert symbol gives (det(fc), det(fc'))F = 1. 
Hence one has a continuous map Sr ■ Ghr{F) — J> /i„ such that f7r{k,k')sr{k)sr{k') = Sr{kk') for all 
fc, k' e K. Then define our 2-cocycle by 

(2-4) Tr{g, g ) := CTr-(ff, g ) t — j:— 

for g^g' £ Ghr{F). If F is archimedean, we set = ar- 

The choice of Sr and hence Tr is not unique. However when \n\p — 1, there is a canonical choice 
with respect to the splitting of K in the following sense: Assume that F is such that \n\p — 1. Then 
the Hilbert symbol (— , — ) p is trivial on Op x Op, and hence, when restricted to GLriOp) x GLriOp), 
the cocycle ar is the restriction of crsLr+i to the image of the embedding I. Now it is known that the 
compact group Sljr+i{Op) also splits in SLr+i(i^), and hence there is a map : SLr+i(F) — !> /i„ 
such that the section SLr+i(F) SLr.+i(F) given by {g,Sr{g)) is a homomorphism on SLr.+i(0_F). 
(Here we are assuming SLr+i(F) is realized as SLr+i(F) x ^„ as a set and the group structure is 
defined by the cocycle (Tsl,.+i-) Moreover Sr\sLr+i(OF) determined up to twists by the elements in 
H^{SLr+i{Op), ^n) — Hom(SLi.+i(0_F), ^„). But llom{SLr+i{Op), fin) — 1 because SLr+i{Op) is a 
perfect group and /i„ is commutative. Hence Sr|sLr+i(c>F) unique. (See also jKPl p. 43] for this 
matter.) We choose Sr so that 

(2.5) 
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With this choice, we have the commutative diagram 

(2.6) '^GLr(Oi.) ^sLr+iiOp) 



K ■ 



where the top arrow is (5,^) 1— (l{g),^), the bottom arrow is I, and all the arrows can be seen to be 
homomorphisms. This choice of Sr will be crucial for constructing the metaplectic tensor product of 
automorphic representations. Also note that the left vertical arrow in the above diagram is what is 
called the canonical lift in [KPj and denoted by k* there. (Although we do not need this fact in this 
paper, if r = 2 one can show that can be chosen to be block compatible, which is the cocycle used 

in m) 

Using Tr, we realize GLr{F) as 

GLr{F) = GUiF) X 

as a set and the group law is given by 
Note that we have the exact sequence 



0' 



Ghr{F) 



■ GLr{F) 



given by the obvious maps, where we call p the canonical projection. 
We define a set theoretic section 

« : GL,(F) ^ GL,(^^), 5^(5,1)- 

Note that k is not a homomorphism. But by our construction of the cocycle r^, k\k is a homomorphism 
if F is non-archimedean and isT is a sufficiently small open compact subgroup, and moreover if — 1, 
one has K = GLriOp). 

Also we define another set theoretic section 

: GLr{F) ^ GLr{F), g ^ (5, sAg)-') 
where Sr{g) is as above, and then we have the isomorphism 

GL,(F) -> ^GL,(i^), (5, ^ (.9, s.(g)e), 
which gives rise to the commutative diagram 

GLr{F) '^GL^(i^) 





GLr{F) 

of set theoretic maps. Also note that the elements in the image Sr{GLr{F)) "multiply via ct^" in the 
sense that for g,g' G GLr{F), we have 



(2.7) 

Let us mention 



(.9,Sr{9r'W,SrigT') - i99',<^ri9,g')sriggT')- 



METAPLECTIC TENSOR PRODUCTS 



9 



Lemma 2.8. Assume F is non-archimedean with \n\F — 1. We have 

(2.9) K,\TnK — SrlrnK, l^\w = Sr\w , l^\NBnK — Sr\NBr\K^ 

where W is the Weyl group and K — GLr(C_F). In particular, this implies Sr\TnK — Sr\w = 

Sr\NB<^K = 1- 

Proo/. See [EE Proposition 0.1.3]. □ 

Remark 2.10. Though we do not need this fact in this paper, it should be noted that splits the 
Weyl group W if and only if (—1, — 1)f — 1- So in particular it splits W if \n\p — 1. See [BLS' §5]. 

If P is a parabolic subgroup of GL^ whose Levi is M — GLj.^ x • • • x GL^j. , we often write 

M{F) = GL^, (P) X • ■ • xGL^, (F) 

for the metaplectic preimage of M{F). Next let 

GL(")(F) = {5 e Ghr{F) : detg G P^"}, 

and GL^ {F) its metaplectic preimage. Also we define 

M(")(F) = {(51, . . . e M{F) : detg, e px"} 
and often denote its preimage by 

M(")(P) = Gl!,"\f)x • • • xGl[."\p). 
The group is a normal subgroup of finite index. Indeed, we have the exact sequence 

(2.11) 1 ^ M(")(F) ^ M{F) px"\px x • • • X px"\px 1, 

k times 

where the third map is given by (diag(^i, . . . ,gk)^C) ^ (det(^i), . . . ,dei{gk))- We should mention the 
exphcit isomorphism x • • • x 

pxn\^px _^ m(")(F)\M(F) defined as follows: First for each 
i e {1, . . . , fc}, define a map Li : F^ -> GL^^ by 



(2.12) H{a) 
Then the map given by 



a 

I. 



,1) 



Ai(ai) \ 
V tfe(afe)/ 

is a homomorphism. Clearly the map is well-defined and 1-1. Moreover this is surjective because each 
element gt e GL^.^ is written as 

g, = gMAetig.r-^Mdetig,)^-^) 

and g,t,(det(g,)"-i) £ GL*,^^ 

The following should be mentioned. 

Lemma 2.13. The groups are closed subgroups of F^,M{F) and M{F), 

respectively. 

Proof. It is well-known that F^" is closed and of finite index in F^. Hence the group F^'^\F^ x 
• • • X FX"\FX is discrete, in particular Hausdorff. But both M(")(F)\M(F) and Af (")(F)\M(F) are, 
as topological groups, isomorphic to this Hausdorff space. This completes the proof. □ 
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Remark 2.14. If F ^ C, clearly M^''\F) = M{F). IfF = R, then necessarily n^2 and G'Lf\M) 
consists of the elements of positive determinants, which is usually denote by GL^(M). Accordingly one 

may denote Gl|,"''(R) and M(")(M) by GL^(R) and M+(R) respectively. Both GL^(R) and GLr(R) 
share the identity component, and hence they have the same Lie algebra. The same applies to M"'"(M) 
and M(R). 

Let us mention the following important fact. Let Zqi^^{F) C GLj.(F) be the center of GLr{F). 
Then its metaplectic preimage Zqi^^{F) is not the center of Ghr{F) in general. (It might not be even 
commutative for n > 2.) The center, which we denote by (F), is 

(2.15) ^Gl.(^) = : a'-i+2- e F^^^^e m„} 

where d — gcd(r — 1 + 2c, n). (The second equality is proven in [GO, Lemma 1].) Note that Z^ (F) 
is a closed subgroup. 

Let TT be an admissible representation of a subgroup H C GLr(F), where H is the metaplectic 
preimage of a subgroup H C GLr{F). We say tt is "genuine" if each element (1,^) G H acts as 
multiplication by ^, where we view ^ as an element of C in the natural way. 

2.2. The global metaplectic cover GLr(A). In this subsection we consider the global metaplectic 
group. So we let be a number field which contains all the n^^ roots of unity and A the ring of 
adeles. Note that if n > 2, then F must be totally complex. We shall define the n-fold metaplectic 
cover GLr(A) of GLr(A). (Just like the local case, we write GLr(A) even though it is not the adelic 
points of an algebraic group.) The construction of GLr(A) has been done in various places such as 

[KB EE]. 

First define the adelic 2-cocycle by 

V 

for g^g' £ GLr(A), where r^.i, is the local cocycle defined in the previous subsection. By definition of 
Tr^v, we have Tr^vigv^g'-u) = 1 for almost all v, and hence the product is well-defined. 

We define GLj.(A) to be the group whose underlying set is GLr(A) x /i„ and the group structure 
is defined via as in the local case, i.e. 

{g,0-ig\a = {gg\rrig,g'm'), 

for g,g' G GLr(A), and G Just as the local case, we have 

*- {±1} ^ GLr(A) -^-^ GL^(A) ^ 0, 

where we call p the canonical projection. Define a set theoretic section k : GLr(A) GLr(A) by 

g^igA)- _ 

It is well-known that GLr(-F) splits in GLr(A). However the splitting is not via k. In what follows, 
we will see that the splitting is via the product of all the local s^. 
Let us start with 

Proposition 2.16. For g,g' e GLr(-F), we have crr,vig,g') — 1 for almost all v, and further 

W(yrAg-.g') = 1- 



METAPLECTIC TENSOR PRODUCTS 



11 



Proof. From the explicit description of the cocycle (Jr.v{g,g') given at the end of §4 of [BLSj . one can 
see that ar,v (<?, g') is written as a product of Hilbert symbols of the form (t, t') for t,t' € . This 
proves the first part of the proposition. The second part follows from the product formula for the 
Hilbert symbol. □ 

Proposition 2.17. If g (z GLr(i^), then we have Sr,v{g) = 1 for almost all v, where Sr,v is the map 
Sr^v '■ GJ^{Fy) — > fi„ defining the local section s,. : GL(_F!„) — > GhriFy). 

Proof. By the Bruhat decomposition we have g = bwb' for some b, b' G B{F) and w G W . Then for 
each place v 

Sr,vig) = Sr,v{bwb') 

= ar,v{b,wb')sr,v{b)sr,v{wb')/Tr,v{b,wb') by (|2.4|) 

— ar,vib,wb')sr,vib)o'r,viw,b')sr,v{w)sr.v{b')/Tr^v{w,b')Tr^v{b,wb') again by p.4|) . 

By the previous proposition, ar,v(b, wb') = <Tr.v(w, b') = 1 for almost all v. By (|2.9p we know Sr^vib) = 
Sr,v(w) = Sr,v{b') = 1 for almost all v. Finally by definition of Tr,«, Tr,v{w,b') = Tr^v{b,wb') = 1 for 
almost all t;. □ 

This proposition implies that the expression 

Sr{g) ■^Wsr.vig) 

V 

makes sense for all g G GLr{F), and one can define the map 

: GL^(F) -> GL^(A), g ^ {g, Srig)-^). 

Moreover, this is a homomorphism because of Proposition 12. 161 and ()2.7p . 

Unfortunately, however, the expression Yiv ■^r,vigv) does not make sense for every g G GL,.(A) 
because one does not know whether Sr.vigv) = 1 for almsot all v. Yet, we have 

Proposition 2.18. The expression Yly Sr,v{gv) does make sense when g is in the group generated by 
GLr(F) and Nb{A.) where Nb is the unipotent radical of the Borel subgroup, and hence we have a 
partial global (set theoretic) section : GLj.(A) GLr(A) defined on this subgroup. Moreover, this 
is a group homomorphism on this subgroup. 

Proof. To show is defined, it suffices to show Sr is defined. Let g G GL(F) and n G Nb{A,). 
We already know Sr{g) is defined and is a homomorphism on GLr(i^). Also Sr{n) is defined 
thanks to ()2.9p and is a homomorphism on iVs(A) thanks to Proposition 12.31 (1). Moreover for 
all places v, we have (Tr,vigv,ny) = 1 again by Proposition 12.31 (1). Hence for all v, Sr.vign-v) — 
Sr,v{g)sr,v{nv)/Tr^v{g,nv)- For almost all w, the right hand side is 1. Hence the global Sr{gn) is 
defined. Also this equality shows that Sr{gn) = Sr{g)sr{n). The same argument works for ng. □ 

If C GLr(A) is a subgroup on which is defined and a group homomorphism, we write H* := 
Sr{H). In particular we have 

(2.19) GLriF)* -.^ Sr{GLr{F)) and 7Vb(A)* := s^(ArB(A)). 

— - (n) — - — , 

We define the groups like GL,, (A), Af (A), Af ^"'(A), etc completely analogously to the local case. 
Let us mention 

Lemma 2.20. The groups A""" , M^"\A) anrfM(")(A) are closed subgroups o/A^,M(A) andM{k), 
respectively. 
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Proof. That A^" and M(")(A) are closed follows from the following lemma together with Lemma 
12.131 Once one knows M'^"^(A) is closed, one will know A/^")(A) is closed because it is the preimage 
of the closed A/'") (A) under the canonical projection, which is continuous. □ 

Lemma 2.21. Let G be an algebraic group over F and G{A) its adelic points. Let H C G{A) be a 
.subgroup such that H is written as H = Hy (algebraically) where for each place v, Hy := Hr\G{Fy) 
is a closed subgroup of G{Fy). Then H is closed. 

Proof. Let {xi)i^i be a net in H that converges in G(A), where / is some index set. Let g — lining/ Xi. 
Assume g ^ H. Then there exists a place w such that g^, ^ iJ^,. Since Hy, is closed, the set 
Uy, := G{Fy])\Hy, IS open. Then there exists an open neighborhood U of g of the form U = Y[y Uy, 
where Uy is some open neighborhood of gy and at v = w, Uy = Uy,. But for any i G I , Xi ^ U because 
Xi^w ^ Uy,, which contradicts the assumption that g = lim^g/Xi. Hence g € H, which shows H is 
closed. □ 

Just like the local case, the preimage Zqi^^^A) of the center Zgi^^{A) of GLr(A) is in general not 
the center of GLr(A) but the center, which we denote by (A), is 

where d — gcd(r — I + 2c,n). The center is a closed subgroup of GLr(A). 

We can also describe GL,.(A) as a quotient of a restricted direct product of the groups GLr(i^^) 
as follows. Consider the restricted direct product J|^GLr(Fi,) with respect to the groups n{Ky) = 
K(GLr(C'F„)) for all v with v \ n and v \ oo. If we denote each element in this restricted direct product 
by ^'y{gy,£,y) so that gy e Ky and f i, = 1 for almost all w, we have the surjection 

(2.22) p : J|'gL,(F„) ^ GL,(A), n'y{gy,£,y) ^ {Wygy^Xly^y), 

V 

where the product Ily^y is literary the product inside This is a group homomorphism because 
Tr = Y[y Tr,v and the groups GLr(A) and GLr(i^^) are defined, respectively, by and Tr,y. We have 

Y\^GLr{Fy)/keTp^ GL^(A), 

V 

where kerp consists of the elements of the form (1,^) with ^ G Yi'u and Hy^y = 1. 

Let vr be a representation of iJ C GLr(A) where H is the metaplectic preimage of a subgroup 
H C GLr(A). Just like the local case, we call tt genuine if (1,0 G H{A) acts as multiplication by 
^ for all ^ e /i„. Also we have the notion of automorphic representation as well as automorphic 
form on GLr(A) or M(A). In this paper, by an automorphic form, we mean a smooth automorphic 
form instead of a _fC- finite one, namely an automorphic form is if /-finite, .E-finite and of uniformly 
moderate growth. (See [CJ p. 17].) Hence if tt is an automorphic representation of GLr(A) (or M(A)), 
the full group GLj.(A) (or M(A)) acts on vr. An automorphic form / on GLr(A) (or M(A)) is said to 
be genuine if f{g,^) = ^f{g, 1) for all (g,^ £ GLr(A) (or M(A)). In particular every automorphic 
form in the space of a genuine automorphic representation is genuine. 

Suppose we are given a collection of irreducible admissible representations ity of Gljr{Fy) such that 
TTy is /t(ifi,)-spherical for almost all v. Then we can form an irreducible admissible representation 
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of Y[.u GLr{Fv) by taking a restricted tensor product ®^7rt, as usual. Suppose further that kerp acts 
triviahy on <SiyT^v, which is always the case if each tti, is genuine. Then it descends to an irreducible 
admissible representation of GLr(A), which we denote by (8>„7r„, and call it the "metaplectic restricted 
tensor product" . Let us emphasize that the space for (8)„7r„ is the same as that for ^^tTi,. Conversely, if 
TT is an irreducible admissible representation of GLr(A), it is written as (Si^tt^ where 7r„ is an irreducible 
admissible representation of Ghr{Fy), and for almost all v, is K(i^i,)-spherical. (To see it, view 
TT as a representation of the restricted product Y[[} GLr(i^u) by pulling it back by p as in (|2.22p and 
apply the usual tensor product theorem for the restricted direct product. This gives the restricted 
tensor product O^tTi,, where each tt^ is genuine, and hence it descends to (^^TTy.) 

Finally in this section, let us mention that we define 
(2.23) GL(")(F) := GL,(i^) n GL(")(A), 

namely GL^"^(F) — {g e GLr(F) : det g e A^"}. The author does not know if this is equal to 
{g G GLr{F) : detg e F^"} unless n — 2, in which case the Hasse-Minkowski theorem implies those 
two coincide. Similarly we define 

m'^''\f) = M{F) n m(")(A). 



3. The metaplectic cover M of the Levi M 

Both locally and globally, one cannot show the cocycle has the block-compatibility as in p.2p 
(except when r = 2). Yet, in order to define the metaplectic tensor product, it seems to be necessary 
to have the block-compatibility of the cocycle. To get round it, we will introduce another cocycle 
TAf , but this time it is a cocycle only on the Levi M , and will show that tm is cohomologous to the 
restriction Tr\MxM of to M x M both for the local and global cases. 

3.1. The cocycle tm- In this subsection, we assume that all the groups are over f if F is local and 
over A if F is global, and suppress it from our notation. 
We define the cocycle 

Tm ■ M X M firi 



by 



/9i 



1 \ /5i \ k 




= J{rrAm.9[) n (det(50,det(5^.))^(det(3.),clet(g;.))^ 

V 9k J \ g'kj l<^<J<fc 

where (— , — ) is the local or global Hilbert symbol. Note that the definition makes sense both locally 
and globally. Moreover the global tm is the product of the local ones. 
We define the group '^M to be 

=M = M X ^I n 

as a set and the group structure is given by tm ■ The superscript is for "compatible" . One advantage 
to work with "^M is that each GL^. embeds into '^M via the natural map 

9^ ,0- 

Indeed, the cocycle tm is so chosen that we have this embedding. 
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Also recall our notation 
and 



m(") = glI") X ••• X gl1"\ 



m(") = GL' X ••• xGL' 

'1 ' k 



We define '^M*^") analogously to '^M, namely the group structure of ^Af*^"^ is defined via the cocycle 

TM- Of course, ^M^") is a subgroup of '^M. Note that each GL^, ^ naturally embeds into '^M^"^ as 
above. 

Lemma 3.1. The subgroups GL^. and GL^,, in '^M^"' commute pointwise for i ^ j . 

Proof. Locally or globally, it suffices to show TM{gi,gj) = TM{9j,9i) for g,; G GL^"-* and gj G GL^"\ 
But the block-compatibility of the 2-cocycle tm, we have TM{gi,gj) = Triigi, Irj)TrjiIrj, gj) — 1, and 
similarly have TM{gj,gi) = 1- CH 

Lemma 3.2. There is a surjection 



~ («) 

gl;/ X 



X GL, 



in) 



given by the map 

whose kernel is 
so that =M(") = GL 



((51, 6), ■• -,(5/0, a)) ^ ( 



/5i 



V 



,6 • • -^k), 



gk. 



(1,6)) :ei •••& = !}, 



(") 



~ (n) , 



Proof. The block-compatibility of ta/ guarantees that the map is indeed a group homomorphism. The 
description of the kernel is immediate. □ 

3.2. The relation between ti\j and r^. Note that for the group M (instead of "^M), the group 
structure is defined by the restriction of to M x M, and hence each GL^^ might not embed into 
GLr in the natural way because of the possible failure of the block-compatibility of unless r — 2. 
To make explicit the relation between '^M and M, the discrepancy between tm and Tr\MxM (which 
we denote simply by r^) has to be clarified. 

Local case: 

Assume F is local. Then we have 

^gi 

tm( 



f9i 



V 





sr, {gt)sr, {g[) 



so Tj\/ and CTrU/xAf are cohomologous via the function Yl'^^i s^. Here recall from Section [2?2] that the 
map s,-. : GL,-; — > /i„ relates t^^ with by 

Sr. {gi,gd 



^rAgi^g'i) = Trjgi,g'i) 



Sn {gi)sri {g'iY 
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for e GLr;- Moreover if — 1, is chosen to be "canonical" in the sense that p.Sp is 

satisfied. 

The block-compatibihty of implies 

Sr{mm') / /N / /^ A 

Tr(m,m ) ■ ^ = (Tr[m,m ) = TM[m,m ) ■ 



'^51 



for m = 

(3.3) 

we have 
(3.4) 



Sr{m)sr{m') 
and m' 



9k J 



9k 



\ Sri{9i)Sri{9[)' 

Hence if we define sm ■ M ^ by 
Sr{m) ' 



I 1^ , l^ SM{m)sM{m') 
tm {m, m ) = Tr (to, to j 



sa/(toto') 

namely and tjv/ are cohomologous via sm- Therefore we have the isomorphism 

um-^M^M, (to,^) i-^ (m, sa/(to)^). 
The following lemma will be crucial later for showing that the global tm is also cohomologous to 

Tr\M{A)xM{A)- 

Lemma 3.5. Assume F is such that \n\p = 1. Then for all k G M{Of)- we have SM{k) — 1. 
Proof. First note that if fc, k' € M{Of), then Tr(fc, k') — TM{k, k') — 1 and so by (|3.4p we have 

SM{kk') = SM{k)sM{k'), 

i.e. sm is a homomorphism on Mm{Of)- Hence it suffices to prove the lemma only for the elements 
k e M[Of) of the form 

IriJ, hvi-i 

ki 



i-i+iH hr^j 



where ki G GL^^ is in the i place on the diagonal. Namely we need to prove 



Sr{k) 



1. 



In what follows, we will show that this follows from the "canonicality" of Sr and Sn, and the fact 
that the cocycle for SL^+i is block-compatible in a very strong sense as in |BLS1 Lemma 5, Theorem 
7 §2, p. 145]. Recall from (|2.5p that has been chosen to satisfy SrlcL^cOF) = ^r\i{Ghr.{OF))j where s,. 
is the map on SL,._).i(i^) that makes the diagram (|2.6p commute. Similarly for s^ with r replaced by 
r, . Let us write 



9i 



det(5,)-i^ 

for the embedding that is used to define the cocycle . Define the embedding 



F : SL,,+i(i^) ^ SL,+i(F), 



A b 
c d 



H \-ri 



A 



Ir 



■'I'i + lH hr-fc 

c dj 
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where Ais ariX ri-block and accordingly b is ri xl, cis 1 xn and d is 1 x 1. Note that this embedding 
is chosen so that we have 

(3.6) F{k{ki)) = l{k). 

By the block compatibility of crsL^+i we have 

0-SL,+iIf(SL,, + i)xF(SL,^ + i) = 0-SL,,; + i- 

This is nothing but fBLS', Lemma 5, §2]. (The reader has to be careful in that the image F{SLr-+i) 
is not a standard subgroup in the sense defined in ^BLSl p. 143] if one chooses the set A of simple 
roots of SLr_)_i in the usual way. One can, however, choose A differently so that _F(SLr.+i) is indeed 
a standard subgroup. And all the results of [BLS' §2] are totally independent of the choice of A.) 
This implies the map {gi, ^) i— > {F(gi), ^) for (gi, ^) G SL^.+i is a homomorphism. Hence the canonical 
section SLr+iiOp) SLr+i(i^), which is given by g n> {g,Sr{g)), restricts to the canonical section 
Shr-+i{OF) SLr;+i(i^), which is given by gi i— > (g.i, s^^ (5^)). Namely we have the commutative 
diagram 

SLri + l(CF) ^ SLr+i(0_F) 



g^{g, Sr(s)) 



where all the maps are homomorphisms. In particular, we have 

(3.7) Sr{F{g,))=SrA9^), 

for all 5, e SU^+i(Of). Thus 

Sr{k) ^ Sr{l{k)) by (1231) 

= s,(F(/,(fc,))) by (EH) 

^V(?»(fc»)) bydS^l) 

= Sri{ki) by (|2.5p with r replaced by r^. 
The lemma has been proven. □ 

Global case: 

Assume -F is a number field. We define sm '■ M{A) by 

SM(]^™t;) := J|sm„(to«) 

V V 

for Y[y TT^v G A/ (A). The product is finite thanks to Lemma [H751 Since both of the cocycles and T]\i 
are the products of the corresponding local ones, one can see that the relation p.4p holds globally as 
well. 

Thus analogously to the local case, we have the isomorphism 

aM ■■ '=M(A) M{A), (m,0 ^ {rn,SM{m)^). 

Lemma 3.8. The splitting of M{F) into '^M(A) is given by 

, tls^ig^r'). 





(9. 




(91 




Sm : M(F) ^ ^A/(A), 














9kJ 


\ 
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Proof. For each i the splitting s^. : GLr-{F) — s> GL,-;(A) is given by gi n- {gi, Sr^gi) where 
GLn (A) is defined via the cocycle r^^ . The lemma follows by the block-compatibility of tm and the 
product formula for the Hilbert symbol. □ 

Just like the case of GLr(A), the section sm as in this lemma cannot be defined on all of M(A) even 
set theoretically because the expression Y\i Sn {gi) does not make sense to all diag(gi , . . . , gk) & M(A). 
So we only have a partial set theoretic section 

Sm ■■ M{A) =M(A). 

But analogously to Proposition l2.181 we have 

Proposition 3.9. The partial section Sj\/ is defined on all the group generated by M{F) and Nm{A). 
where Nm{A) is the unipotent radical of the Borel subgroup of M , and moreover it gives rise to a 
group homomorphism on this subgroup. 

Proof. This follows from Proposition l2.18l applied to each GL^ • (A) together with the block-compatibility 
of the cocycle tm- (Note that one also needs to use the fact that for all g, g' in the subgroup generated 
by M{F) and Nm{A), we have (det(5), det(.g'))F = 1-) □ 

This splitting is related to the splitting : GLr{F) — J> GLr(A) by 

Proposition 3.10. We have the following commutative diagram: 



M{F) C ^Ghr{F). 

Proof. For m = ■■ ^ e M{F), we have 

V 9kJ 

k k 
i=l 1=1 

where for the elements in M{F), all of s^. and Sr are defined globally, and the second equality follows 
from the definition of sm as in p.3p . □ 

This proposition implies 

Corollary 3.11. Assume n is an automorphic representation of^M^A). The representation of M{A) 
defined by tt o a^^ is also automorphic. 

Proof. If TT is realized in a space V of automorphic forms on '^Af (A), then n o a~^j is realized in the 
space of functions of the form / o for f £ V. The automorphy follows from the commutativity of 
the diagram in the above lemma. □ 



The following remark should be kept in mind for the rest of the paper. 

Remark 3.12. The results of this subsection essentially show that we may identify ^Af (locally or 
globally) with M . We may even "pretend" that the cocycle Tr has the block- compatibility property. We 
need to make the distinction between '^M and M only when we would like to view the group M as a 
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subgroup of Gl^r- For most part of this paper, however, we will not have to view M as a subgroup 
ofGhr- Hence we suppress the superscrip from the notation and always denote '^M simply by M, 
when there is not danger of confusion. Accordingly, we denote the partial section Sm simply by s. 



3.3. The center of M. In this subsection F is either local or global, and accordingly we let 
i? = F or A as in the notation section. And all the groups are over R. 

For any group H (metaplectic or not), we denote its center by Zh- In particular for each group 
H C GL,., we let 

= center of H . 

For the Levi part M = GL^ x • • • x GL,-2 C GL^, we of course have 

^ai^n 

Zm^{\ ■■. 1 :a, Gi?^}. 



But for the center Zj^ of M , we have 



akir 



Z^j C Zm, 



in general, and indeed Zm might not be even commutative. 

In what follows, we will describe Zj^ in detail. For this purpose, let us start with 

Lemma 3.13. Assume F is local. Then for each g G GL,.(_F) and a £ F^ , we have 

ar{g,aIr)(Tr{aIr,gy^ = (det(5),a'^-i+2'='~). 

(c) 

Proof. First let us note that if we write Ur — cr^ to emphasize the parameter c, then 

a(=)(g,a/,)a(^)(a/,,g)-i = a(°)(g,a/.)aW(a/,,g)-i(det(g),a'-)2= 

because (a*", Aet{g))^'^ — (det(g), a' ). Hence it suffices to show the lemma for the case c = 0. 

But this can be done by using the recipe provided by [BLSj . Namely let g — ntrjn' for n,n' ^ Nb, 
teT andrieM. Then 

ar{g,alr) = ar{ntr]n' , air) 

— ar{trj,n' air) by Proposition 12.31 fl) and (2) 

— ar{tr], air) by n'air = alru' and Proposition 12.31 (1) 
= ar{t,rialr)a'r{ri, alr)arit,ri)^^ by Proposition [2]3] (0) 
= ar{t, alrr])ar(r], air) by Proposition 12.31 (5) 

= ar{talr,ri)ar{t,alr)(jr{alr,ri)^^ar{ri,alr) by Proposition [^3] (0) 

— ar{t, alr)ar{ri, air) by Proposition 12.31 (5). 

Now by Proposition l2.3l (3). a{f], air) is a product of (—a, a)'s, which is 1. Hence by using Proposition 
[2J](4), we have 

r 

(Tr(g, air) = ar{t, air) = a)''"'- 

i=l 

By an analogous computation, one can see 



ar{alr,g) ^ ar{alr,t) ^'^{a,tiy ^ 
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Using {a,ti) ^ — {ti,a), one can see 

r 

ar{g,alr)ar{alr,g)''^ = ]^(ti,a)''"^ 

i=l 

But this is equal to {det{g), a^~^) because det(g) = Y[i=i ^i- '-' 

Note that this lemma immediately implies that the center of GL^ is indeed as in (|2.15p . 

though a different proof is provided in |KPj . 
Also with this lemma, we can prove 

Proposition 3.14. Both locally and globally, the center Zj^ is described as 



a, 



r — l+2cr ^ D>^^ 



G i?^" and ai = ■ ■ ■ = a,- mod i?^"}. 



\ akir 



Proof. First assume F is local. Let m — diag((7i, . . . , g^) e M and a — diag(ai/j.i , . . . , Ofe/r^). It 
suffices to show ar{m,a)ar{0','m)^^ = I if and only if Oi is as in the proposition. But 

r 

= Y[<^ri{9i:aiIr,)(Jr,iaiIr,,gt)~^ (dct (^i) , tt^' ) (det (.g^) , a^' 

• n (ar,det(5,))-in«''detfe))-^ 

l<z<j<r i^j 

r 

= Yl ^'■i ) o.i Iri )<yri [ai In , .gi ) " ^ (dot {gi ) , a!'-' Y^"^" 



:n(det(.9.),ar-i+2^'-0n(det(g. 

1=1 i^j 



= n(det(5.),ar'n' 

i=i j=i 

where for the third equality we used the above lemma with r replaced by r^. 

Now assume a is such that (a, I) G Z^. Then the above product must be 1 for any m. In particular, 

choose m so that gj = 1 for all i ^ j. Then we must have (det(5i), a^^YVj^i'^^/^'^'^^^) — 1 fo^' 
gi G GLir- ■ This implies 

n e^'" 

i=i 

for all I. Since this holds for all i, one can see a~^aj G F^" for all i ^ j, which implies ai = ■ ■ ■ = Or 
mod F^". But if ai = ■ ■ ■ = Or mod F^", then 

n(det(50, n = n(det(g.), a,-^ n 

i=i j=i i=i j=i 

r 
i=l 

This must be equal to 1 for any choice of gi, which gives q^^i+^c'' (= F^". 
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Conversely if a is of the form as in the proposition, one can see that ar(rn,a)ar{a,m) ^ = 
ni=i(det(5,), 0^=1 a/^^"''') = 1 for any m. 

The global case follows from the local one because locally by using (|2.4p and am = ma, one can 
see ar{m,a)ar{a,m)~^ = 1 if and only if Tr{'m,a)Tr{a,'m)~^ = 1, and the global is the product of 
local ones. □ 

Lemma 13.131 also implies 

~ (n) 

Lemma 3.15. Both locally and globally, ^gl^ commutes with GL,, pointwise. 

Proof. The local case is an immediate corollary of Lemma [031 because if 5 £ GL^"^ the lemma implies 
ar{g,alr) — ar{alr,g). Hence by (|2.4I) . locally Tr{g,alr) — Tr{alr,g) for aU g e GLJ,"' and a G . 
Since the global Tr is the product of the local ones, the global case also follows. □ 

Let us mention that in particular, if n = 2 and r = even, then ^^gl,- ^ Gl|, and ^^gl,- is the 

~ (n) 

center of GL^ . This fact is used crucially in [Tl] . 

It should be mentioned that this description of the center easily implies 

(3.16) ^gL.^'"^ = Z^M^^-l 

Also we have 

Proposition 3.17. Both locally and globally, the groups Zm and M^") commute pointwise, which 
gives 

(3.18) Z^(„, ^z^^nM^"), 
and hence 

(3.19) ^GL.^M(") = ^(rL.(^ n M(")) ^z^tn {z^^M^"^). 

Proof. By the block compatibility of the cocycle tm, one can see that an element of the form 
/ ailr-, \ 

( "._ ,^) commutes with all the elements in Af^"^ if and only if each {aiIr-,£,) com- 

\ akirj 

~ (") 

mutes with all the elements in GL^. . But this is always the case by the above lemme (with r replaced 
by Ti). This proves the proposition. □ 



If F is global, we define 

Zj^(i^) = Z,-y(A)ns(M(i^)), 

where recall that s : M(F) — > Af(A) is the section that splits M{F). Similarly we define groups like 
Z^ {F),M^^\F), etc. Namely in general for any subgroup H C Af(A), we define the "F-rational 
points" H{F) of H by 



(3.20) 



H{F) -.^ H r\s{M{F)). 
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3.4. The abelian subgroup A^. Again in this subsection, F is local or global, and R ^ F or 
A. As we mentioned above, the preimage Zi\i of the center Zi\i of the Levi M might not be even 
commutative. For later purposes, we let Aj-^ be a closed abelian subgroup of Zm containing the center 
Z^ . Namely Ajj is a closed abelian subgroup such that 

We let 

Am :=p(A^), 

where p is the canonical projection. If F is global, we always assume Aj^(A) is chosen compatibly 
with the local in the sense that we have 

^Af(A) = ]XAm{F.)- 

V 

Note that if Am{Fv) (hence Aj^{Fy)) is closed, then Am{A) (hence A^{A)) is closed by Lemma[2?2T] 
Of course there are many different choices for Aj^. But we would like to choose A-^ so that the 
following hypothesis is satisfied: 

Hypothesis 3.21. Assume F IS global. The image of M{F) in the quotient Am{A)M'^'^\K)\M{K) 
is discrete in the quotient topology. 

The author does not know if one can always find such Aj^ in general n. But if n = 2, this is always 
possible, whose proof we give in Appendix. Also for general n, if the Levi M is in a certain form, 
one can show that there is such Aj^. We believe that for any reasonable choice of Aj^ the above 
hypothesis is always satisfied, but the author does not know how to prove it at this moment. This is 
a bit unfortunate in that this subtle technical issue makes the main theorem of the paper conditional 
when n > 2. However if n = 2, our main results are complete, and this is the only case we need for 
our applications to symmetric square L- functions in [Til IT2j . 

Let us mention that the group Am(A)M(")(A) (for any choice of Am) is a normal subgroup of 
M(A), and hence the quotient Aa/ (A)M(")(A)\M(A) is a group. Accordingly, if the hypothesis is 
satisfied, the image of M{F) in the quotient is a discrete subgroup and hence closed. 

Also we have 

Aj^^{F)=A^^{k)^s{M{F)). 
following the convention as in (|3.20p . and we set 

Am{F)^p{Aj^^{F)). 



4. On the local metaplectic tensor product 

In this section we first review the local metaplectic tensor product of Mezo |Me) and then extend 
his theory further, first by proving that the metaplectic tensor product behaves in the expected 
way under the Weyl group action, and second by establishing the compatibility of the metaplectic 
tensor product with parabolic inductions. Hence in this section, all the groups are over a local (not 
necessarily non-archimedean) field F . Accordingly, we assume that our metaplectic group is defined 
by the block-compatible cocycle CTr of [BLSj . and hence by GLr- we actually mean "^GL^. 
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4.1. Mezo's metaplectic tensor product. Let tti, • • • , tt^ be irreducible genuine representations of 
GLrj^j . . . , GLrj., respectively. The construction of the metaplectic tensor product takes several steps. 

(n) ■ ■ ■ (") 

First of all, for each i, fix an irreducible constituent tt- of the restriction 7ri|~(„) of tt^ to GL^. . 
Then we have 

a 

where g runs through a finite subset of GL^ . , is a positive multiplicity and ^ (tt^-"^ ) is the represen- 
tation twisted by g. Then we construct the tenor product representation 

(") ^ ^ (") 
Tr{ ' • • • (8) TT^ 

(n) ' — (n) (n) 

of the group GL^^ x • • • x GL^^ . Note that this group is merely the direct product of the groups GL^. . 
The genuineness of the representations ttJ"'' , . . . , tt^"'' implies that this tensor product representation 

~(n)_ ~~(«) 

descends to a representation of the group GL^^ x • • • x GL^^ , i. e. the representation factors through 
the natural surjection 

GlJ,"^ X • • ■ X GL^"^ -» GL^"^ X ■ • • xGL^"^ = M^"). 



We denote this representation of Af by 

and call it the metaplectic tensor product of 7r^"\ . . . ,7r^"''- Let us note that the space V^(n} of tt'"^ 

(n) 

is simply the tensor product V^(n) • • • (g) V^(i) of the spaces of tt^ . Let w be a character on 
such that for aU {air, £ M^") where a G we have 



{air, = ^^"^ {c,lr,0 = ^Tri"^ {air, , 1) • • • Trf ^ {air, , 1) 



Namely uj agrees with 7r(") on the intersection n We can extend tt^") to the representation 

TT^f) := WTrf") 

of Z^ Af*^"^ by letting Z^j^ act by oj. Now extend the representation Tri,"'' to a representation 

pui of a subgroup if of M so that p^j satisfies Mackey's irreducibility criterion and so the induced 
representation 

(4.1) 7r^:=Indfp^ 

is irreducible. It is always possible to find such H and moreover H can be chosen to be normal. 
Mezo shows in Me that tt^j is dependent only on lu and is independent of the other choices made 
throughout, namely the choices of Tr'f^\ H and p^^. We write 

and call it the metaplectic tensor product of tti, . . . , tt^ with the character uj. 

Mezo also shows that the metaplectic tensor product tt^ is unique up to twist. Namely 

Proposition 4.2. Let vri, . . . , tt^ and ttJ^, . . . , tt^ be representations of GL^ , . . . , GL^^. . They give rise 
to isomorphic metaplectic tensor products with a character uj, i.e. 

(tti §) • • • (§)7rfe)„ = {tt[ §) • • • (§)7r^)tj, 

~ ~ (n) 

if and only if for each i there exists a character u!i of GL^^ trivial on GL^. such that ni = uji ® it[. 
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Proof. This is [Mel, Lemma 5.1]. □ 

Remark 4.3. Though the metaplectic tensor product generally depends on the choice of uj, if the 
center is already contained in M^^\ we have tt^T^ = tt*^"-* and hence there is no actual choice for 

u) and the metaplectic tensor product is canonical. This is the case, for example, when n = 2 and r is 
even, which is one of the important cases we consider in our applications in |T11 IT2) . 



Remark 4.4. The equality i3.16\) implies that extending a representation tt^") of M'^^^ to vri"'' mul- 
tiplying the character uj on is the same as extending it by multiplying an appropriate character 
on Z^. 

Let us mention the foUowing, which is not exphcitly mentioned in |Me| . 

Lemma 4.5. Let vr^j be an irreducible admissible representation of M where lj is the character on 
Z^ defined by uj — tt^^ 1 2~ . Then there exist irreducible admissible representations tti , . . . tt^ of 

Ghrx , ■ ■ ■ , GL^fc , respectively, such that 

TTo; = (tTi (§) • • • (§)7rfc)^. 

Namely a representation of M is always a metaplectic tensor product. 

Proof. The restriction tt^^I^ Mi^i) contains a representation of the form a;(7rj"^ ® ■ ■ ■ ® tt^"^) for some 

representations tt,-"'' of GL^ . Let tt^ be an irreducible constituent of Ind^',^, tt,-"-*. Then one can see 
that TT;^ is (tti ® • • • (X)7rfc)(^. □ 

From Mezo's construction, one can tell that essentially the representation theory of the group M 
is determined by that of Zgj^ M^"\ Let us briefly explain why this is so. Let tt be an irreducible 
admissible representation of M, and Xn : M ^ C be the distribution character. If tt is genuine, so is 
Xtt- Namely X7r((l,0'^) — CX7r(^) for all ^ G /i„ and m G M. But if to G M is a regular element 
but not in Z^ M^"\ then one can find ^ G /i„ with C 7^ 1 such that (1,^)to is conjugate to to. 
This is proven in the same way as |KP[ Proposition 0.1.4]. (The only modification one needs is to 
choose A C Mr{F) in their proof so that A C Mri{F) x • • ■ x Mr^{F).) Therefore for such m, one 
has Xir("^i) — 0. Namely, the support of is contained in Zgj^ M^"^. (Indeed, this argument by 
the distribution character is crucially used in Mcj Lemma 4.2]. ) This explains why tt is essentially 
determined by the restriction ■n\^ m>.^^) ■ 

This idea can be observed in 

Lemma 4.6. Let tt and tt' be irreducible admissible representations of M . Then tt and tt' are equiv- 
alent if and only j/7r|^ _ mm '^"■'^ ""'Iz M(") ^'^^^ '^^ equivalent constituent. 

Proof. This follows from Proposition 14.21 and Lemma [4.51 □ 

Also let us mention 
Proposition 4.7. we have 

for some finite multiplicity m, so every constituent 0/ Ind^^_ —^^j Tri"-* is isomorphic to tt^j. 
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Proof. By inducting in stages, we have Ind^^ —j^, tt^j"' — ^^'^M ^^'^z - m(") """"^ ' '^^^^'"^ ^ 
(|4.ip . and by |Me[ Lemma 4.1] we have 

X 

where x runs over the finite set of characters of H that are trivial on A/^"). Moreover it is shown 
in |Me[ Lemma 4.1] that any extension of tt^j"'' to H is of the form x® Puj and Ind^ X ® = ""w for 



all X by |Me[ Lemma 4.2]. Hence we have 

X 

□ 

Let be as above and Aj^ as in Section [3^ The restriction tt^") U-nM(") Si'^^^ ^ character on Aj^r\ 
M^""^ because n M^") is contained in the center of M^") by ([XTS|) . The product w(7r(") |^ pjj^(„) ) 
of w and ^'"•'U-^nM(") defines a character on Zgj^ {A^^ Ci Af^"') because the two characters agree 

on ZqJ^ n (Aj^ n M^")). Since the Pontryagin dual is an exact functor, one can extend it to a 
character on ^4^^, which we denote again by w. Namely w is a character on A-^ extending lu such that 
u}{a) = 7r(")(a) for all a G Ajj n M^"'. With this said, we have 

Corollary 4.8. Let to he the character on A^ described above, and let ir^"^ :— wtt^"-* be the represen- 
tation of Aj^M^"^"^ extending tt^"^ by letting A^ act as uj. Then 

where m' is some finite multiplicity. 

Proof. This follows from the previous proposition because we have the inclusion Ind^_~(„) Tri,"'' ^ 

T (n) r— ] 



Finally at the end of this subsection, we will make some remarks when F is archimedean. Strictly 
speaking, Mezo assumes that the field F is non-archimedean. But if = C, then M^") = M. Indeed, 
M (C) = M (C) X /i„ (direct product), and the metaplectic tensor product is obtained simply by taking 
the tensor product tti ^ ■ ■ ■ tt^ and descending it to M{C). If F = R (so necessarily n = 2), one can 
trace the argument of Mezo and make sure the construction works for this case as well, with the 
proviso that equivalence has to be considered as infinitesimal equivalence. 



4.2. Twists by Weyl group elements. As in the notation section, we let Wm be the subset of 
the Weyl group IVgl^ consisting of only those elements which permute the GL^^ -factors of M = 
GL^i X • ■ • X G\jr^ . Though Wm is not a group in general, it is identified with the group Sk of 
permutations of k letters. Assume w G Wm is such that 

M' := wMw~^ = GLr x • ■ • x GL^ 

for a permutation a G 5^, and so w{gi, . . . ,gk)w-'^ = {9a(i), ■ ■ ■ ,9a(k)) for each {gi,...,gk) G M. 
Namely w corresponds to the permutation a~^. Then we have 

M' = s(u;)Ms(w)^\ 
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Let TT = (tti (g) ■ • • (8) 7rfc)tj be an irreducible admissible representation of M. As in the notation 
section one can define the twist *("')7r of tt by s(w) to be the representation of M' on the space 14- 
given by *^'"V(m') = 7r(s(w)~^m's(w)) for m' e M'. To ease the notation we simply write 

TT := ^ 'TT. 

Actually since /i„ C M is in the center, for any preimage w of w, we have ^('"V = '"tt, and hence the 
notation ""tt is not ambiguous. 

The goal of this subsection is to show that the metaplectic tensor product behaves in the expected 
way under the Wcyl group action. Namely, we will prove 

Theorem 4.9. With the above notations, we have 

(4.10) '"(7rig---S7rfc)a; = (7r<,(i)§---g7r<,(fe))a;. 

To prove this, we first need 
Lemma 4.11. For each (m, 1) € M^"' and w E Wm, where m e M^"), we have 

s(w)(m, l)s(w)~^ = (wrnw~^,l), 
namely s(w)s{m,)s{w)~^ = s{wm,w~'^). 

Proof. Note that s{w) = (w, 1) and s{w)~^ = {w~^ ,ar{'w,'w~^)~^) because we are using '^GL^, and 
hence 

s{w){m,l)s{'w)~^ = {wmw~^ ,ar{w,mw~^)ar{m,w~^)ar{w,'w~^)~^). 

Let 

ipw{m) := ar{'w,mw~^)ar{m,'w~^)ar{w,w^^)~^ . 

We need to show ipw{fn) = 1 for all m € M^"^. Let us first show that the map m i->- <Pu,(m) is a 
homomorphism on M^"\ To see it, for m, m' we have 

s(w)(m, l)(m', l)s(w)~"^ = s{w){rn,m' . (t,.(t77.. m'))s{w)~^ 

= {'wmm'w~^ ,ar{m,m')ipyj{mm')). 

On the other hand, wc have 

s{w){m, l)(rn', l)s(w)~^ = s(w)(m, l)s(w)~"^s(w)(m', l)s(w)~"^ 

= {wmw~^ , (pwim)){wm' , (fwim')) 

= {wrrirn' 'w~^ , ar{wrnw~^ , uirn' vu~^)(pw{rri)(pw{m')) 

= {wmm'w~^ ,ar{m,m')(pw{m)(pw{m')), 

where the last equality follows because ar{wmw^^ ,wm'w~^) = ar{m, m') by the block-compatibility 
of (Tr- Hence by comparing those two, one obtains ipw{mm') = ipw{Tn)(pw{m'). Therefore to show 
fw{m) = 1, it suffices to show it for the clmcnets of the form 

(4.12) m = diag(/r.i , . . . , /r-,_i , Qi, 1^+^ , • • • , -frj 

for Qi e GL^^l 

Then one can rewrite ipw{m) as follows: 

Vw{fn) = (Tr{w,mw~^)ar{m,w~^)(Jr{w,'w~^)~^ 
= ar{w~^ ,wmw~^)~^ar{m,'w~^), 
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where for the third equahty we used Proposition 12. 31 (0). So we only have to show 

(4.13) ar{w~^ ,wmw^^)^^ar{m,w^^) — 1. 

This can be shown by using the algorithm computing the cocycle ct^ given by |BLSj . To use the 
results of jBLSj . it should be mentioned that one needs to use the set 971 for a set of representatives 
of the Weyl group of GL^ as defined in the notation section. Also let us recall the following notation 
from |BLS) : For each g G GL^, the "torus part function" t : GL^ — ?• T is the unique map such that 

t{ntrin') — t, 

where n, n' £ Nb, t £ T and rj £ DJl when GL^ is written as 

GL, = [] NbTtjNb 

by the Bruhat decomposition. Namely t{g) is the "torus part" oi g. 
Using this language, each w G Wm is written as 

w = t{w)r]^ 

where ij^ G SDT, and t{w) G GL^^^^j x • • • x GLr^^j., is of the form 

t{w) = {ea{l)Ia{l), ■ ■ ■ ,£a(k)Ia{k)), 

where Si G {±1}- 

We are now ready to carry out our cocycle computations for (|4.13p . Let us deal with ar{m,w~^) 
first. Write m = ntrjn' by the Bruhat decomposition, so t(m) = t. But recall that we are assuming m 
is of the form as in (|4.12p . so the decomposition ntrin' takes place essentially inside the GL^^ -block. 
In particular, we can write 

m = dia.g{Ir,, . ■ ■ , Iri^,,nitif]ini, In+i ■■■JrJ, 
where ti £ GL^"\ (Note that det{ti) £ i^^".) Then one can compute ar{m,w~^) as follows: 

ar{m,w~^) = (Tr{ntrjn' ,w^^) 

= ar{t-q,n'w~'^) by Proposition O (1), (2) 

— ar{tri,w^^) because wn'w^^ £ Nb and by Proposition 12.31 (1) 

= <Tr{tT],t{w~'^)'q^-l). 

Now since rj is essentially inside the GL^. -factor of M and r/^-i only permutes the GL^ -factors of M, 
we have lirjrj^-i) — l{rj) + l{rj^-i), where / is the length function. Hence by applying [BLSi Lemma 
10, p. 155], we have 

(4.14) ar{tr], t(w-i)ry„-i) = cr^(<, r)t{w-^)7^-^)ar{v. 

Here note that t{w~^) £ M — GL^^ x • • ■ x GL^^. is of the form (ei/n, ■ . . ,eklrk) ^-nd rj is in the 
GLr.-block. Hence r]t{w~^)r]^^ — t{w^^). Thus by the block-compatibility of (7^, (|4.14p is written as 

Glearly, if — 1, then both initiTSiln) and 'Jj.^{rii,eilri) are 1. If = — 1, then by Proposition 12.31 
(3), one can see that cr^. (f^i, £i/ri) — 1- Hence in either case, one has 

(4.15) CTr(m, W"-^) = ar,{ti,£ilr,)- 
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Next let us deal with ariw ^,wniw ^) in ()4.13p . First by the analogous computation to what we 
did for a{m,w~^), one can write 

(4.16) ar{w^^ , wmw~^) — ar[w^^ ^wt-qw^^) = (7r{^{w^'^)'qyj-i , wtrjw^^). 
Since w corresponds to the permutation cr~^, if we let 

n : GLr, -> wMw^'^ = GLr„^^ x • • • x GLr^^^) 

be the embedding of GL^- into the corresponding GL^. -factor of wMw~^ ^ then (|4.16l) is written as 

ar{t{w~'^)ri^-i,Ti{ti)Ti{r^i)). 

Note that Ti{r]i) G 9Jl and l{r]w-^Ti{rii)) = l{r]w-i) + K'''i{Vi})- Hence by using fBLSl Lemma 10, p. 155], 
this is written as 

(4.17) ar{t{w~^),'i]^-iTi{ti)'q^li)ar{Vw-^,ri{ti)). 
By the block compatibility of ct^, one can see 

Also to compute ar{r]^-i,Ti{ti)), one needs to use Proposition [2]3] (3). For this purpose, let us write 

/ai 



G GL^ 



V 



where det(ti) = ai • • • a^. G i^^". By looking at the formula in Proposition 12.31 (3), one can see that 
crr{rij^-i ,Ti{ti)) is a power of 

(-l,ai) ■ • • (-l,arj, 

which is equal to (— l,ai • • -ar-) — 1 because ai • • • a^^ G F^". Hence (|4.17p . which is the same as 
(|4.16p . becomes 

Hence the left hand side of ()4.13p is written as 

We need to show this is 1. But clearly this is the case if = 1. So let us assume £i = —1. Namely 
we will show ari{~Iri,ti)^^crriiti, ^I-ri) = 1- But by Proposition 12. 31 (4). one can compute 

arA-In,ti) = (-I,a2)(-l,a3)'(-l,a4)' • • • (-1, a.)'-i+2^ 

and 

OrAU, -/n) = (ai, -l)'-'(a2, -If-^a^, -1)'-' • • ■ (-l,ar-i). 
Noting that (— l,a^)^^ — (a./,— 1), we have 

r r 
Or^ (-/., , UY^Ur^ iU, -Ir, )=!](«'' -!)''"'+'' = (H -l)--l+2- = 1, 

4=1 i=l 

where the last equality follows because det{ti) — Y[i=i o-i G i^^". This completes the proof. □ 
Now we are ready to prove Theorem [ 
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,(») 



Proof of Theorem By restricting to M' , one can see that the left hand side of (|4.10l) contains 
the representation ""(ttJ 



(") 



TT^""*) and the right hand side of (|4.10p contains tt^?^ 



(n) 



where ^{nl 



(") , 



TT^"'') is the representation of M'^ ' — s{w)M^'^''s{w) ^ whose space is the space 



(1) 



of Tri' 



(") , 



g) • • • (g TT^"'' . Hence by Lemma 14.61 it suffices to show that 



(n) 



V(fe)- 



But this can be seen from the commutative diagram 



Aut(y („) 




where the left most arrow is the representation of GL 



(") 



the space of tt 
lemma. 



(n) 



""i"^ by permuting each factor by cr ^, which descends to the representation 



.(1) 



~ (") . 

X GL^^^j,-) (direct product) acting on 



TT^"^) of M("). To see this indeed descends to '"(ttJ 



(n) 



)7r^"^), one needs the above 

□ 



4.3. Compatibility with parabolic induction. We will show the compatibility of the metaplectic 
tensor product with parabolic induction. Hence we consider the standard parabolic subgroup P = 
MN C GLr where M is the Levi part and N the unipotent radical. 
First let us mention 

Lemma 4.18. The image N* of the unipotent radical N via the section s : GLr — > GL^ is normalized 
by the metaplectic preimage M of the Levi part M . 

Proof. Though this seems to be well-known, we will give a proof here. Let m E M and (n, 1) e N*, 
where n E N. (Note that since we are assuming the group GL^ is defined by cr^, each element in N* is 
written as (n, 1).) We may assume rh = (m, 1) for m e M. Noting that = {m~^,ar{m,m~^)^^), 
we compute 

rh{n, 1)to^^ = (to, l){n, l)(m^"'^, ar{m, m^^)^^) 

= {mnm^^ , ar{mn, m^^)ar{m, n)crr{m, m~^)~^). 

By Proposition[231(l)i crr{m,n) ^ 1. Also since totito"^ € iV, we have (Tr(wn, m^^) — ar{mnm~^m,m~^) = 
ar{m,m~^) again by Proposition 12.31 fl). Thus we have to(7i, 1)to~^ — (mnm^^^l) G N*. □ 

By this lemma, we can write 

P = MN* 

where M normalizes N* and hence for a representation tt of M one can form the induced representation 
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by letting N* act trivially. 

Theorem 4.19. Let P = MN C GL^ he the standard parabolic subgroup whose Levi part is M = 
GLri X • • • X GLr^. Further for each i = 1, . . . , k let Pi = MiNi C GLr^ be the standard parabolic of 
GLrj whose Levi part is Mi = GL^ . ^ x • • • x GL^^ , . For each i, we are given a representation 



of Mi, which is given as the metaplectic tensor product of the representations Tj^i, . . . , Ti^i^ ofGLr-^ , ■ ■ ■ , GL^. , 

respectively. Assum,e thai tt; is a,n 1 
Then the metaplectic tensor product 



GL 

respectively. Assum,e thai ni is an irreducible constituent of the induced representation Ind~ '^'cTj. 



T^uj ■= (7ri«)---®7rfc)„ 
is an irreducible constituent of the induced representation 

where Q is the standard parabolic of M whose Levi part is Mi x • • • x Mk ■ 
First we need 

Lemma 4.20. For a genuine representation w of a Levi part M, the map 

IndSP"- 7r-)-Ind^i:' ttL 

given by the restriction ip i— ?■ vIqJ^(") for 'fi G ^^'-^'^pf* ^ isomorphism, where 

Hence in particular 

i^^fN' ^) IglI"' - (l^dg;. tt) II ~<„) - Indp^l,^^ TTl^Myn, 

~ in) 

as representations of GL^ . 



Proof. To show it is one-to-one, assume <pIql(") = 0. We need to show 99 = 0. But for any g G GL^, 

/det5-"+i \ /det5"-i \ , /det 5-"+^ A ,^ j 

one can write g = \ I )\ 7/^' ^'^^^^ ( I ) ^ ^ 

^^^^ ^ ) ^ ^ GL^"'^ Hence any g G GL^ is written as g = fhg' for some rh G M and 

~ (") 

g' e GL^ . Hence (p{g) ~ TT{fn)^{g'). But (^(g') = 0. Hence = 0. 

gl'"' ' ~ ~ 

To show it is onto, let ip £ Ind^—^^^^^^ 7r|^^y„). Define Lp : GL,. ^ tt by 

/deto"""'"^ \ /detg"~^ \ 

where 77 is chosen to be such that (( j j ^v){{ j 1 ffj 1) = (5>1)- Namely 

T] is given by the cocycle as 

Ydet \ /det5"-i \ ,_i 
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That lp\ ~ („) = ^ follows because if g G GL*") then ( ^ , ??) e (M)(") . Also one can 

check If S IndS^^ tt as follows: We need to check (p{rh{g, ^)) — 'K{rh)tp{g, ^) for all m £ AI. But since 
TT (and hence ip) is genuine, we may assume rh is of the form (to, 1) for m G M and ^ = 1. Then 

'Piim, l)(g, 1)) = <?(to5, ar{m, g)) 

(4.21) 

where 

Ydet(TO5)-"+i \ /det(mg)"-i \ , i 

,/det(mg)"-i \ 

,/det(m5)"-i \ /det5-"+i \ .Ydetg""! \ 



Now 



where 



,/det(TOg)"-i \ /detg-"+i \ /det g'^ , - i 

Since (^det(TOg)" ^ ^ \^ j'dety " ^ ^ \ ^ (M)("), the right hand side of ISim be- 



comes 



, , /,/det(TOg)-"+i \ ,Ydet(m5)"-i \ /det \ A 

a.(TO,5)7r(((^ j^J,Vi){[ IrJ'^y /.-J'"^)) 

Ydetg"-! \ ^, 

, , , /detg-"+i \ , Ydetg"-! \ ^, 

= o-r(m, g)7r(TO I ^^^^ 1 , iummm I I .9, 1) 

I \ t \ Ydetg-"+i \ /detg"-i \ 

= o-r(m,g)7r(TO,?7ir/2ry3'74)7r(l ),l)(y5(l l^,!), 

where 

Ydet(TO5)-"+i \ /det(TOg)"-i \ /det 



det 



and 

Then one can compute 

<Jr{in,g)r]ir]2V3V4: = V 
by using Proposition [2]3] (0). Hence (I4.2ip is written as 

TT{m,l)TT{(^'^^^ ^^^^ ,i])(p{(^'^^^ ^^^J 5,1) = 7r(m,l)^(.g,l). 

This completes the proof. □ 
With this lemma, one can prove the theorem. 
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lemma, it is an irreducible constituent of 



Proof of Theorem \4-19\ Let tt^^"^ be an irreducible constituent of the restriction tt^ | ~ („> . By the above 



^'''^(M-)V)Ar;^»l(M:)(")- 

Noting that M^"''' C (Afi)^"), we have the inclusion 
)lectic te 

sentations of the form 



But since ai is a metaplectic tensor product of r^.i, . . . , Ti^i. , the restriction 0"^ | ~(„) is a sum of repre- 



(ra) ... . . . I ■ (") 

where each j is an irreducible constituent of the restriction Ti^t|^(„) of r^.f to GL^. ^. Note that 
this is a metaplectic tensor product representation of . Hence the metaplectic tensor product 

is an irreducible constituent of 

(4-22) 0Ll-d|!i^;^^®---^^t 

Note that the metaplectic tensor product for the group Af*^"^ can be defined for reducible representa- 

~fc 

tions, and hence ^^^i is defined and the space of the representation is the same as the one for the 
usual tensor product. In particular, the space of the representation (|4.22p is the usual tensor product. 
Then one can see that (|4.22p is equivalent to 

(4-23) I-dg|:;,...,^.,^,^^_,^^, Cr i • • • 

(To see this one can define a map from (|4.22l) to (|4.23l) hy cpi ® • • • ® (pk ^ fi ■ ■ ■ ifk where cpi ■ ■ ■ (pk 
is the product of functions which can be naturally viewed as a function on M^'^\) 

Now let cj be a character on that agrees with 7r(") on n Af so that the product 

7r(") w • 7r(") 



is a well-defined representation of Z^ M^^\ Now all the constituents of the representation ()4.23p 

have the same 
constituent of 



have the same central character, and hence w agrees with (|4.23p on Z^ n M^'^\ and hence Tri,"^ is a 



Zgj^M<"'x---xM^"'(AriX---xAffc)' *-l 

Recall that the metaplectic tensor product tTi^ is a constituent of 

Ind^ ~ TT^") 

and hence a constituent of 

Ind? j7,„, Ind^^^^-'i!!' ^^,„, , c..itiTi^g---iTi7\ 

^GLr*^' ' Zgj M{"'x---xM<"'(AriX---xAffc)* ^ ' 



which is 

(4.24) Indflnd'5 ^, , ^ ^ • ® --i rf'j) ® • • • ® r^^^ 

^ ^ O ^. M{"'x---xM<"'(JViX---xJVfc)* ^ 



32 



SHUICHIRO TAKEDA 



by inducing in stages. 

Now one can see that the inner induced representation in (|4.24|) is equal to 

(4.25) IndfS 

where the unipotent group (A^i x • • • x Nk)* acts trivially and Mq is the Levi part of Q, namely 

Mq = Mix ■ ■ ■ xMk- 

By Proposition 14.71 applied to the Levi Mq, the representation (|4.25p is a sum of the metaplectic 
tensor product 

(r(",)0.-.®rS§...irg®...irS).. 

Hence tt^ is a constituent of Ind {^11 ® • • • ® ''"i"! • • • ® r^"' ® • • • ® r^"'^ )uj as claimed. □ 

Remark 4.26. In the statement of Theorem \4-19\ one can replace "constituent" by "irreducible 
subrepresentation" or "irreducible quotient", and the analogous statement is still true. Namely if each 
TTi is an irreducible subrepresentation (resp. quotient) of the induced representation in the theorem, 
then the metaplectic tensor product (tti ® • • • €5 '!Tk)uj *s also an irreducible subrepresentation (resp. 
quotient) of the corresponding induced representation. To prove it, one can simply replace all the 
occurrences of "constituent" by "irreducible subrepresentation" or "irreducible quotient" in the above 
proof. 

5. The global metaplectic tensor product 

Starting from this section, we will show how to construct the metaplectic tensor product of unitary 
automorphic representations. Hence all the groups are over the ring of adeles unless otherwise stated. 
Also throughout the section the group Aj^{A) is an abelian group that satisfies Hypothesis 13.211 

5.1. The construction. The construction is similar to the local case in that first we consider the 

~ (") 

restriction to GL^. (A), though we need an extra care to ensure the automorphy. 

Let TTi be a genuine irreducible automorphic unitary representation of GL^; (A) for each i = 1, . . . , k. 
Let TT^"'' be an irreducible constituent of the restriction '^i\\(j[^("'> ^^^y {^^^ the notation section for the 
notation ||.) Since tt^ is unitary, so is '!^i\\^(<^),..- Hence 

(") r- 

and each vector / 6 Tr^-"-* is the restriction to GL^^.^A) of an automorphic form on GLr.(A). Hence 
one can naturally view each vector / € 7r,|"'' as a function on the group 



:=GL,,(F)*GlI,"^( 



where recall the notation GLr-{F)* from (I2.19p . Namely the representation ttI"'' is an irreducible 
representation of the group GL^. (A) realized in a space of "automorphic forms on Hi'. 

Note that Hi is indeed a group and moreover it is closed in GLr(A), which can be shown by using 
Lemma [A. 61 Also note that each element in Hi is of the form {hi,£^i) for hi G GLr;(F)* GLr.(A) and 

G jin- By the product formula for the Hilbert symbol and the block-compatibility of the cocycle 
ta/, we have the natural surjection 

(5.1) HiX---xHk^ M(F)*M(")(A) 
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given by the map • • ■ , {hk,£,k)) ^ {hi - ■■ hk,^i ■ ■ ■ (.k) because (det(/ij), det{hj))A = 1 for all 

i,j = l,...,k. 

Now we can construct a metaplectic tensor product of ttJ"^ , • ■ • , tt^"^ , which is an "automorphic 
representation" of Af^"^(A) realized in a space of "automorphic forms on Af(i^)Ai^(")(A)" as follows. 
Proposition 5.2. Let 

y („) ® • • • ® F m 

be the space of functions on the direct product Hi x • • ■ x Hk which gives rise to an irreducible represen- 

■ (n) ■ (n) 

tation of GL^.^ (A) x • • • x GL^,. (A) which acts by right translation. Then each function in this space 
can be viewed as a function on the group AI{F)M^'^\A), namely it factors through the surjection as 
in 115. 1\) and thus gives rise to an representation o/M'"^(A), which we denote by 



is "automorphic" in the sense that it is left 



Moreover each function in V.^(„) = V^(n) <8) • • 
invariant on M{F). 

Proof. Since tt^ is genuine, for each fi e V^(") and g £ Hi, we have fi{g{l,£,)) = /i((liC).9) = 
^fi{g) for all ^ G /i„. Now the kernel /Cp of the map (|5.ip consists of the elements of the form 
((/ri , Ci), • ■ • , {Irk , £.k)) with ^1 • • • Cfe = 1- Hence each /i • • • /fc G Kr(") • • • F , viewed as 
a function on the direct product Hi x ■ ■ ■ x Hk, factors through the map (|5.1I) , which we denote by 
fiigi ■ ■ ■ ®fk- Namely we can naturally define a function fi® ■ ■ ■ ®fk on M(F)M("^(A) by 

(hi 



{fi®---®fk){ 

One can see each function fi® ■ 
(91 



\ 



,0=Cfi{hi,l)---fk{hk,l). 

Ill 



fk is "automorphic" as follows: For 



G M{F) 



V 



Ik, 



and 




G Af(F)Af(")(A), we have 

(91 
Ik) \ 

Ik, 




, ^) ) by definition of s 



7i5i 



7i5i 



IkQk/ 



lk9kj 



i=l 



hi 



'91 



)) 



gk/ 



, ^ s^i (7i) ^T-r-i {lii9i) ) by block-compatibility of 
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/ fc \ 

J|/i(7i5j7l) I by definition of /iij 
\i=i J 

=C Y\. Sri ("fiy^Tr, (t^i because each fi is genuine 

1=1 

k 

hi) ^ ) (5i 7 1 ) ) by definition of 

1=1 
fe 

=C n •^^(^'■i 1)) by definition of s^. 



i=l 

fe 



=^ n /i (ffi 7 1 ) by automorphy of fi 



= (/!«>• ••®/fe)( 



/5i \ 



V 9k/ 



, ^) by definition oi fi^ ■ ■ ■ ®fk- 



□ 



Just hke the local case, we would like to extend the representation tt*^"^ to a representation of 
A^(A)M(")(A) by letting Aj^(A) act as a character. This is certainly possible by choosing an 
appropriate character because Aj^{K) nM(")(A) is in the center of M(")(A). To ensure the resulting 
representation is automorphic, however, one needs extra steps to do it. 

For this purpose, let us, first, define 

(5.3) Aj^M(") [F] :^ Aj^(A)M(") (A) n s{M{F)). 

Note that this is not necessarily the same as Aj^{F)M'''^\F). Also let 

H A^M(")(F)M(")(A). 

By our assumption on (Hypothesis I3.2l| ). the image of s{M{F)) (and hence Ajj^M'^"^(F)) in 
the quotient Af'"^ (A)\M(A) is discrete. Hence by Lemma |A.6[ _ff is a closed (and hence locally 
compact) subgroup of M{A). Also note that the group Aj^{A) commutes pointwise with the group 
H by Proposition 13. 171 and hence A-j^{A) n is in the center of H. 
We need the following subtle but important lemma. 

Lemma 5.4. There exists a character x on the center Zh of H such that f{ah) = xio.)f{h) for 
a e Zh, h £ H and f G tt^"^. (Note that each f £ tt^"^ is a function on M(F)M{A) and hence can 
be viewed as a function on H .) 

Proof. Let Trjj','' be an irreducible subrepresentation of 7r,;||^f. such that tt^"' C ''^ti^ \ \qj^(") f^^^y Analo- 
gously to the construction of tt*^"^ = ttJ"'' ig) ■ • • 'X'Tr^"'' , one can construct the representation tt'"^^ (E> ■ ■ ■ ^t^'hI 
of M{F)M{A). (The space of this representation is again a space of "automorphic forms on M{F)M^^^ (A)" 
but this time it is an irreducible representation of the group M(F)M("^ (A), rather than just M^") (A). 
The construction is completely the same as tt*^"^ and one can just modify the proof of Proposition 
) Then one can see 
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and 



® • • • ) 1 1 a7(.0 (A) = ® • • • ) I 

Let TT^'' be an irreducible subrepresentation of Trj^'^-'® • ■ • ®i^^hI \h such that 

where both sides are spaces of functions on M{F)M^^\K). Such tt^J''' certainly exists, since each tt^ is 
unitary and the unitary structure descends to tt^''® • • ■ C>57r^-* making it unitarizable. Now since tt^-* 
is unitarizable and H is locally compact, Tijj admits a central character x- Thus for each / G 
and a fortiori each / e V^{^) , we have f{ah) = x{o)f{h) for a G and h G H. □ 

In the above lemma, if a € Zh n s{M{F)), we have x(a) = 1 by the automorphy of /, namely x is 
a "Hecke character on Zh" . 

Now define a character co on A^(A) such that oj is trivial on Aj^{F) and 

wUjj.(A)nH = xUjg(A)nJf- 

Such OJ certainly exists because xU-(A)nH is viewed as a character on the group s(M(F)) n (^^(A) n 
H)\A-^{A) n H, which is a locally compact abelian group naturally viewed as a closed subgroup of 
the locally compact abelian group A^{F)\Aj^{A), and thus it can be extended to Aj^{F)\Aj^{A) . 

For each / e tt^"), viewed as a function on H = A^M^"\F)M'-^''\A) , we extend it to a function 
U : Aj^{A)H ^ C by 

fu{ah) = ij{a)f{h), for all a e Aj^{A) and hG H. 
This is well-defined because of our choice of co, and 

Lemma 5.5. The function fu, is a function on Aj^{A)M^'^\A) such that 

fcjiim) = fcj{m) 

for all 7 e ^jgM(")(F) and m G M(")(A). TVamei?/ ^ js an "automorphic form on Ajg(A)M(")(A) ". 

Proo/. The lemma follows from the definition of f^ and the obvious equality Ajjr(A) AjjrM^") (F)M(") (A 
Ajy(A)M(")(A). □ 

The group A^{A)M^"^A) acts on the space of functions of the form Z^^, giving rise to an "auto- 
morphic representation" 7r£"^ of A^{A)M^"'\A), namely 

V^M := {/.:/e7r(")} 

and ^j^(A) acts as the character co. As abstract representations, we have 

(5.6) ^ w • 7r(") 

where by w • tt'"^ is the representation of the group A^{A)M'-"-\A) extended from tt*^") by letting 
A^(A) act via the character co. 

We need to make sure the relation between tt^^ and its local analogue we constructed in the 
previous section. For this, let us start with 
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Lemma 5.7. Letn = i^^tTv be a genuine admissible representation ofM{A). Lei tt*^"-* be an irreducible 
quotient of the restriction ■ -(f write 

V 

then each Tr^""* is an irreducible constituent of the restriction T^v\]^(ri}^p y 
Proof. Since tt*^"' is an irreducible quotient, there is a surjective map 

V V 

Fix a place Vq. Since T ^ 0, there exists a pure tensor ®Wv & <Si'tTv such that T((g)w„) 7^ 0. (Note 
that, as we have seen, the space of (8) tt^ is the space of the usual restricted tensor product (g>^7r„.) 
Define 

by 

for w S y,r„ • Then the composite T o i : 7r„p ®^7rl,"'' is a non-zero M^"^{Fy^) intertwining. Let 
w G TTvo be such that T o i[w) 7^ 0. Then T o i{w) is a finite linear combination of pure tensors, and 
indeed it is written as 

T o i{w) = xi (g) yi H V xt^yt, 

where Xi G Trl,"-* and £ "Xi^-^^j, ttI,"'' . Here one can assume that yi,. . . ,yt are linearly independent. 

Let A : giw^^Do ''"i"^ — C be a linear functional such that A(yi) 7^ and A(i/2) = • • ■ = X{yt) = 0. (Such 
A certainly exits because yi, . . . , ?/t are linearly independent.) Consider the map 

defined on pure tensors by 

This is a non-zero intertwining map. Moreover the composite U o T o i gives a non-zero 

M^"'\Fy) intertwining map from tt^q to Tr^;"''. Hence tt^,"'* is an irreducible constituent of the restriction 

By taking k — \ in the above lemma, one can see that if one writes 

= '^-^ 

V 

(n) 

then each local component tt^^ is an irreducible constituent of ^i^vlof^ ^ where tt^.^ is the v- 
component of tt^ ^ Then one can see that for tt'^^^ ~ ttJ^-'® • • -(^vr^^^ if we write tt^""^ ^ (^Vl"'^ 

we have 

where the right hand side is the local metaplectic tensor product representation of M'-'^^{Fy). Also 
one can see that the character oj decomposes as w = (8) w„ where ujy is a character on At-;,^ Hence 

V \ '<J } 

by (|5.6p we have 
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Proposition 5.8. As abstract representations of Aj^{A)M^'^'> (A) , we have 

V 

where 

is the representation of A^{Fv)AI^'^'^ (Fy) as defined in the previous section. 

Now that we have constructed the representation Trij"'' of M (A), we can construct an automorphic 
representation of M{A) analogously to the local case by inducing it to AI{A), though we need extra 
care for the global case. First consider the induced representation 

where ip is such that ip{hm) = 7ri"'(/i)^(m) for aU h e A^(A)Af(") (A) and m e M{A), and the 
map m i— > (p{m; 1) is a smooth function on M(A). (Note here that for each ip e -'-'^'^^^.'^'(a)m(")(a) 
and m e M(A), (p(m) e F <„, is a function on Aj^(A)M(") (A). For m' e Ajg(A)M(") (A), we use 
the notation ip{m;m') for the value of ip{m) at m' instead of writing ip{m){m').) Also consider the 
metaplectic restricted tensor product 

«'lnd^^^"^ 7r(") 

where for almost all v at which all the data defining Ind^^''^"^ — , , Tri,"'' are unramified, we choose 
the spherical vector 1^9° e Ind*^^^^'' ^^(„)jj^ ^ ""^"^ to be the one defined by 



if TO = /i(fc, 1) for h e ATy(F„)M(")(F„) and (fc, 1) G Af(OFj; 



otherwise, 



where /° G Tri,"-* is the spherical vector defining the restricted metaplectic tensor product Tri"-* — 
<S)„tt!i^} . (Let us mention that we do not know if the dimension of the spherical vectors in Ind*^*^^"^ , — , , 
is one or not.) One has the injection 

^ ■ ^ ^^%s(F.)M(")(F„) ^ ^-^^%^(A)M(")(A) ^ ^"%,-,(A)M(")(A) 

given by r(®^9?^)(TO) = 'S)y(py{my) G 'X'^Tri,"'', where c-Ind indicates the compact induction. The 
reason the image of T lies in the compactly induced space is because for almost all v, the support 
of (p° is Ajg(^;)M(")(^;)M(OF ) and for ah v the index of A^(F„)M(") (i^„) in M(F„) is finite by 

Let 

) - J 1^® ind^^^(^^)M(.,(F„)^-. ) ' 
namely V^(7r£"-') is the image of T. For each ip G V^(7rij"''), define ^ : M(A) — > C by 
(5.9) (^(m) = ^ </?(s(7)to; 1). 

7eAMAf(")(F)\Af(F) 
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Let US note that by AmM^'^'' (F) we mean p{Aj^AI^'^'> (F)), which is not necessarily the same as 
Am(F)M(")(F), and hence 

s(AmM(")(^^)) = AjyM(")(F) C Aj^(A)m(")(A). 

By the automorphy of 7r£"'', (p is left invariant on s{AmM^"-\F)) and hence the sum is well-defined. 
Also note that for each fixed m £ M{A) the map m' n> ip{m''m; 1) is compactly supported modulo 
A^(A)M(")(A). Now by our assumption on A-^ fHvpothesis I3.21| ). the image of M{F) is discrete in 
AAf(A)M(")(A)\M(A), and hence the group AmM'^'^\F)\M{F) naturally viewed as a subgroup of 
v4m(A)M("^(A)\M(A) is discrete. Now a discrete subgroup is always closed by |D-E[ Lemma 9.1.3 
(b)]. Thus the above sum is a finite sum, and in particular the sum is convergent. Moreover one 
can find with the property that the support of the map m' i— >■ Lp(rn'; 1) is small enough so that if 
7 G AmM^"^^{F)\M{F), then 1^9(7; 1) 7^ only at 7 = 1. Thus the map if ^ (p \s not identically zero. 

Remark 5.10. It should he mentioned here that Hvvothesis \3.21\ is needed to make sure that the sum 
in i f 5. 9\) is convergent and not identically zero. The author suspects that either one can always find 
Aj^ so that Hypothesis \3.21\ is satisfied (which is the case if n = 2), or even without Hypothesis \ 3. 2 1\ 
one can show that the sum in i f 5. 9\) is convergent and not identically zero. But the thrust of this paper 
is our application to symmetric square L-functions (^[TTJ IT2j ) for which we only need the case for 
n = 2. 

One can verify that ^ is a smooth automorphic form on M(A): The automorphy is clear. The 
iC^-finiteness follows from the fact that at each non-archimedean v, the induced representation 

Ind*^^^""* — , , Tri"-* is smooth. That w is Z-finiteness and of uniform moderate growth follows 

from the analogous property of (^(s(7)m), because the Lie algebra of M{Fy) at archimedean v is the 
same as that of M(")(F„). 

As we already mentioned, the sum in (j5.9p is finite. But a priori which 7 e AmM'-''^{F)\M{F) 
contributes to the above sum depends on m. Yet, one can show that as m runs through M(A), only 
finitely many 7's contribute. To show it, we need the following lemma. 

Lemma 5.11. Let S be a finite set of places including all the infinite places and let Os — Y\v^s^Pv- 
Then the group 

F^A^"C'|\A^ 

is finite. 

Proof. It is well-known that the strong approximation theorem implies 

ves 

and the index of (F,^)"' in F^ is finite. This proves the lemma. □ 

Remark 5.12. Occasionally, F^A^" Og\A^ can be shown to be the trivial group. This is the case 
for example if n — 2 and F = Q. But there are cases where it is not trivial even when n ~ 2. An 
interested reader might want to look at |K1[ Appendix]. 

Lemma 5.13. For each £ ¥{1:^^), there exist finitely many 7i,...,7jv G Am M^"'\F)\M {F) , 
depending only on Lp, such that 

N 
i=l 
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Proof. We may assume that ip is of the form T{(x)yipy) for a simple tensor (Eiv^v- Then there exists a 
finite set S of places such that for all k e k{Ks), we have k-(p — ip, where Ks — Ylvi^s -^i^Fv) C A/(A) 
and K : M(A) — > A/(A) is the section m i— > (to, 1). Namely the stabilizer of (p contains k{Ks)- Then 
one can see that 

supp((,c) = supp(to • ip) 

for all TO e M^^\A)k{Ks). Also we have (p{s{'j)m) = p{m). Hence, noting that (p{m) = rrr^{l), we 
see that the 7's that contribute to the sum in (|5.9p depend only on the class in 

s(M(F))M(")(A)k(Xs)\M(A). 

But one can see that this set can be identified with the product of k copies of 

where Os = Ilij^s ^Fv^ and this set is finite by Lemma [5. Ill This implies that there are only finitely 
many 71, . . . ,7Ar e Am{F)M'^"'\F)\M{F) such that p}{s{-/i)m; 1)^0 for at least some to G M(A). 
This completes the proof. □ 

Theorem 5.14. Let 

and TT^j an irreducible constituent ofV{T:!^''). Then it is an irreducible automorphic representation of 
Af(A) and 

~i 

V 

where tt^^ is the local metaplectic tensor product of Mezo. Also the isomorphism class of tt^j depends 
only on the choice of the character uj\z~ (a)- 

Proof. Since the map p ^ ip \s Af(A)-intertwining, the space l^(7r£"'') provides a space of (possibly 
reducible) automorphic representation of M(A). Hence tT;^ is an automorphic representation of Af(A). 

Since each tt^ is unitary, so is each 7rj-"\ from which one can see that ttI"^ is unitarizable. Since 
F(7ri"^) is a subrepresentation of the compactly induced representation induced from the unitarizable 
TTiL"^ , V"(7ri"^ ) is unitarizable. Hence tt^ , which is a subquotient of F(7rir^ ) = ® Ind*^^"^^'' ~ -n^} , 

is actually a quotient of ig)' Ind*^'"^"'' ^~( w "'i"''- With this said, one can derive the isomorphism 

TT^ = (g) TT^^ from Lemma 15.71 Since the local tt^^ depends only on the choice of ujy\z (f ): the 

global TT^ depends only on uj \ z~ (a) • O 

We call the above constructed tt^^ the global metaplectic tensor product of tti , . . . , tt^ (with respect 
to oj) and write 

Remark 5.15. We do not know if the multiplicity one theorem holds for the group M(A), and 
hence strictly speaking the metaplectic tensor product should be construed as an equivalence class of 
automorphic representations. 
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5.2. The uniqueness. Just like the local case, the metaplectic tensor product of automorphic rep- 
resentations is unique up to twist. 

Proposition 5.16. Let tti, . . . , ttj; and ttJ^ , . . . , tt^ be automorphic representations of GIjr-i{A), ... ,Ghr^{A). 
They give rise to isomorphic metaplectic tensor products with a character uj, i.e. 

~ ~ (n) 

if and only if for each i there exists an automorphic character LOi o/GLj.;(A) trivial on GL^,. (A) such 
that TTi = uji ® 

Proof. By Theoreni l5.14[ the global metaplectic tensor product is written as the metaplectic restricted 
tensor product of the local metaplectic tensor products of Mezo. Hence by Proposition 14. 21 for each i 

~ . . ~ (") 

and each place v, there is a character uji^^ on GL^. {F^) trivial on GL,,. {F^) such that 7ri^„ = uji^y®TT[ ^. 

Let uji = ®yUJi,y. Then tt^ = uji®TT[. The automorphy of uj follows from that of tt^ and ti[. This proves 
the only if part. The if part follows similarly. □ 

5.3. Cuspidality and square-integrability. In this subsection, we will show that the cuspidality 
and square-integrability are preserved for the metaplectic tensor product. 

Theorem 5.17. Assume 7ri,...,7rfc are all cuspidal. Then the metaplectic tensor product t:^ = 
(tti ® ■ ■ ■ ®i^k)uj is cuspidal. 

Proof. Assume tti, . . . , TTfe are all cuspidal. It sufhces to show that for each ip e F(7rl,"^) 

(^(s(u)) = 

IU{F)\U{K) 

for all unipotent radical U of the standard proper parabolic subgroup of M, where recall from Propo- 
sition 13.91 that the partial set theoretic section s : Af(A) M{K) is defined (and a group homo- 
morphism) on the group generated by M{F) and U{A). We know that (p{s{u)) is a finite sum of 
ip{s{^)s{u); 1) for 7 e AmM'-"\F)\M{F). Hence it suffices to show 'i^(s(7)s(u); 1) du = 0. 

Note that for each 7 — diag(7i, . . . , 7^) with 7,; G GLr- (F), we have 

^ /det(7,)"-i ^ ^det(70-"+' 



/ 



where 7^ ( j I G GL,[,"''(i^). Hence we may assume 7 e M{F) is a diagonal matrix. 



and so 7^7^^ G U{A). Since s is a group homomorphism on the group generated by M{F) and U{A), 
we have 

/ i^(s(7)s(ii); 1) dii = / iy9(s(7U7~"'")s(7); 1) 

Ju{F)\u{A) Ju(F)\U(A) 

ip{s{j); s{juj~^)) du 

U{F)\U{A) 

ip{s{'j);s{u))du. 

U{F)\U{A) 

We would like to show this is equal to zero. For this purpose, recall that for each 7, (p{s{j)) is in 
the space and hence is (a finite sum of functions) of the form /i®- • • with fi e Vt^ and 

each fi is a cusp form. We may assume (^(3(7)) is a simple tensor • • • (g)/fe. Now we can write 
U ^ Ui X ■ ■ ■ xUk, where each Ui is a unipotent subgroup of GL^. with at least one of Ui non- trivial. 



METAPLECTIC TENSOR PRODUCTS 



41 



and accordingly we denote each element u € U hy u — diag(ui, . . . , Uk)- Then by definition of s, we 
have 

S(u) = (W, ]^Sr,(lii)"^), 

i 

and 

^(s(7); s(w)) = (/i® • • • §)fk){s{u)) 

i 

= {^\\sr^{u.iY^ fi{ui,l) ■ ■ ■ fk{uk,l) by definition of /i®- • -(gj/fe 

= fiiui.SrXuiY^) ■ ■ ■ fk{uk,Sr^{uky^) becausc each fi is genuine 
= /i(sri(Mi)) • ■ • /fc(srfc(ufc)) by definition of s^,. 



Hence 



k 

I Lp{s{^)]s{u))du = T\ I f,{Sr,{ui)) du 

Ju(F)\U(A) JUi(F)\Ui(A) 



IU{F)\U{A) ,^i^C/.(F)\C/.(A) 

This is equal to zero because each fi is cuspidal and at least one of Ui is non-trivial. □ 

Next let us take care of the square-integrability. 

Theorem 5.18. Assume 7ri,...,7rfe are all square- integrahle modulo center. Then the metaplectic 
tensor product -k^ — (tti tt^)^ is square-integrable modulo center. 

We need a few lemmas for the proof of this theorem. 

Lemma 5.19. Let G be a locally compact group and H,N C G be closed subgroups such that NH is 
a closed subgroup. Further assume that the quotient measures for N\G, H\NH and NH\G all exist. 
(Recall that in general the quotient measure for N\G exists if the modular characters of G and N 
agree on N .) Then 

fig) dg^ f f f{hg) dh dg 

N\G JNH\G Jn\NH 



f{hg) dh dg. 

NH\G JNnH\H 

for all f £ L\N\G). 

Proof. The first equality is jBo' Cor. 1 VII 47], and the second equality follows from the natural 
identification N\NH = Nn 'h\H. □ 

Now let / : M{A) — > C be any function. Then the absolute value |/| is non-genuine in the sense 
that it factors through M{A). Also we let 

4/^(A):={ ■.. :a, gAX}. 

This is a closed subgroup by Lemma 12.131 and 12.211 Note the inclusions 

4^'(A) Cp(Z^(A)) CZm(A), 
where all the groups are closes subgroups of M{A). Then we have 
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Lemma 5.20. Let f : M(F)\M{A) C be an automorphic form with a unitary central character. 
Then f is square-integrable modulo the center Zjy(A) if and only if \f\ G L^{Z^\A)M{F)\AI{A)) 
where \ f\ is viewed as a function on M(A) as noted above. 

Proof. Let / be an automorphic form on Af(A) with a unitary central character. Since |/| is non- 
genuine, we have 

_ \f{m)\^dm^[ \f{m,l)f dm, 

where recaU that p : M(A) — > M(A) is the canonical projection. Note that the quotient measure on 
the right hand side exists because the group p{Z-^{A))M{F) is closed by [MWl Lemma LI. 5, p. 8]. 
By Lemma |5.19[ we have 

|/(r7i, 1)P dm = / / |/(zTO, l)p dm. 

z'-^\a)M(F)\M{A) Jp(Z^^{A))M(F)\M{A) Jz'j' (A)p(Zj-j (F))\p(Zjg (A)) 

Since for each fixed m G M(A), the function z H> f{zm, 1) is a smooth function on p{Z-^{A)), there 
exists a finite set 5 of places such that for aU z' G p{Zj^{Os)) = Zm{Os) ^ p[Zj^{A)) we have 
f{z'zm, 1) = f{zm, 1). Hence the inner integral of the above integral is written as 

(5.21) / |/(zm, l)p dz. 

Jz'-;j,\A)p{Z^^(Os))p{Zg-,{F))\p(Zgi(A)) 

Note that we have the inclusion 

4^V)p(^m(05))p(^m(F))\p(Z^(A)) C 4^^)(A)Zm(Os)^m(^^)\^m(A), 

becausep(Z^(Os))np(Z^(F)) = ZM{Os)r\ZM{F) = 1, and note that Z^;^\a)Zm{Os)Zm{F)\ZmW 
can be identified with the product of k copies of 

By Lemma 15. ill we know that this is a finite group, and hence the integral in (|5.2ip is just a finite 
sum. Thus for some finite zi, . . . , zjv G p{Z^{A)), we have 

/ |/(m,l)pdm= / V|/(z,m,l)pdm 

Jzlf{A)MiF)\MiA) Jp{Zgrj{A))MiF)\MiA) 

N 

= V / dm 

i=l "'p(Z^7(A))Af(F)\M(A) 

= N [ \f{m,l)\^ dm, 

■Jp{Z^,{A))M{F)\M{A) 

where for the second equality we used 

|/(z.m,l)| = |/((z„l)(m,l))| = |c^(zi,l)||/(m,l)| = \fim,l)\ 
where uj is the central character of / which is assumed to be unitary. The lemma follows from this. □ 

Lemma 5.22. Assume 7ri,...,7rfc are as in Theorem \ 5.18[ Let ipi G tt^-"^ for i = l,...,fc and 

(p = ifi® ■ ■ ■ ®^Pk G TT^"^, which is a function on M^")(A). Then 



L 



\(p{m, l)p dm < oo. 

5ij'(A)Af(")(F)\Af(")(A) 
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Proof. Write each element m G M{A) as to = diag(gi , . . . , gk) where gi G GL^- (A). Then diag(5i , . . . ,gk) G 
M("^(A) if and only if gi G GL^"''(A) for all i. Hence the integral in the lemma is the product of 
integrals 



JzLJ (A)GLy''(F)\GLi"-'(A) 



)GL^"'(F)\GL!-"' 

this integral converges. But with Lemma |5 . 201 applied to M = GL^-, we know 



where Zjj^ (A) consists of the elements of the form ail^ with G A^". So we have to show that 



/ \'Pi{giA)\'^ dg^ < oo, 



) GL,-J_F)\ GL^; 

because each ipi is square-integrable modulo center. By Lemmas 15.191 and IA.6[ this is written as 

|(/?i(TO-TOi, l)p dm- dnii < oo. 



) GL^"' (A) GL,^ (F)\ GL,^ (A) J Z^'^',, (A) GL^"' (_F)\ GL^"' (A) 

In particular the inner integral converges, which proves the lemma. □ 

Now we are ready to prove Theorem 15. 181 
Proof of Theorem \5.18[ By Lemma 15.201 we have only to show 

\(p{m, 1)1^ dm < oo. 

4';'(A)M(F)\M(A) 

By Lemma l5.13[ we know 

N 

|^(m,l)|2 <^|^(7,TO,1;1)|2 
1=1 

for some finitely many G M (F) . Hence it suffices to show 

|(/?(7TO, 1; l)p dm < oo 

zif{A)MiF)\MiA) 

for 7 G M (F) . By Lemma 15.191 we have 

\ip{'-fm, 1; l)p dm 

Z<J>(A)M(F)\M(A) 

: / / \ip{'^m' m, 1; 1)1'^ dm' dm 

iz^"'(A)M(")(A)Af(F)\M(A) J z["\a)MM {F)\MM (A) 

/ |(/9(7TO, 1; 7to'7~"'^)P dm' dTO. 

)M<") (A)M(F)\M(A) Jz'^'> (A)M<") (F)\M<") (A) 

By Lemma l5.22l the inner integral converges. For each fixed 7 and to' the map to i~> ip{"/m, 1; 7to') is 
a smooth function on Af (A), and hence there exists a finite set of places S so that ip{'-fmk, l;jm') — 
(fii'jm, l;jm') for all k G M{Os). Thus the above integral is written as (a scalar multiple of) 

\ip{'ym, 1; 7to'7^"'^)P dm' dm. 



z[j'(A)M(")(A)A/(F)\M(A)/A/(Os) -'zij' (A)M(") (F)\M(") ( 



Now the set theoretic map 

^x^x« o^XA"" X ■ ■ ■ X F"" A^"C»^\A^ -> Z[f {A)M^"\A)M{F)\M{A)/M{Os) 

k copies 
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given by 

Ai(ai) \ 

(ai, . . . ,afc) H- 

where Li is as in (|2.12p is a well-defined surjection. Hence Lemma 15.111 implies that the set 

(A) Af (") {A)M{F)\M{A)/M{Os) 

is a finite set. Therefore the outer integral of the above integral is a finite sum and hence converges. 
This completes the proof. □ 

5.4. Twists by Weyl group elements. Just as we saw in Section for the local case, the global 
metaplectic tensor product behaves in the expected way under the action of the Wcyl group elements 
in Wm- Namely 

Theorem 5.23. Let w G Wm be such that "'(GLr^ x • • • x GLr^) ~ GL^^^^j x • • • x GLr^^^^ . Then we 
have 

"'(tti (§)• ■ •®7rfc)j^ ^ (7ro-(i) 7r<^(fc))cj, 
where w is viewed as an element in Ghj,{F). 

Proof. Note that each s{w) € GLr(A) is written as Yivi''^^ ^r,v{w)), where we view {w, Sr,viw)) £ 
GLj.{Fy) as an element of GLj,(A) view the natural embedding GLr(F„) ^ GLr(A), and the product 
Yly is literally the product inside GLr(A). Then one can see that 

Hence the theorem follows from the local counter part (Theorem 14. 9p . □ 

The following is immediate: 

Proposition 5.24. Let tTi^ — (tti (§■ ■ ■®i^k)u- For w as in the theorem and each automorphic form 
if G TT^, define ""^ : "'M(A) C by 

^(p{m) — ip{s{w)^'^ nis{w)) 
for m G ^M(A). Then the representation '"tTi^ is realized in the space 

Let us mention the following subtle point. Here we have (at least) two different realizations of ^tTi^ 
in a space of automorphic forms on '"M(A), the one is in the space {^ip : ip € V.^^ } as in the proposition 
and the other as in the definition of the metaplectic tensor product (j^uii) <8> • • • ®T^a{k))i^ by choosing 
an appropriate ^^-^i that satisfies Hvpothesis 13.211 with respect to the Levi ™M (if possible at all). 
Without the multiplicity one property for the group '"M, we do not know if they coincide. But one 
can see that if satisfies Hvpothesis 13.211 with respect to Af, then the group ""A^ :— wA^^w''^ 
satisfies Hvpothesis 13.211 with respect to ™Af. Then if we define (T^a{'\:)® ■ ■ ■ ®'^a(k))bj by choosing 
~ ""^M' ^"^^ from the construction of our metaplectic tensor product that the space of 

(T^a{\) ® ■ ■ ■ ®T^a{k))u: IS iudccd a spacc of automorphic forms of the form "'ip for ip G 
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5.5. Compatibility with parabolic induction. Just as the local case, we have the compatibility 
with parabolic inductions. But before stating the theorem, let us mention 

Lemma 5.25. Let P = KIN be the standard parabolic subgroup o/GL^. Then M{A) normalizes 
N{A)*, where N{A)* is the image of N{A) under the partial section s : GLr(A) — > GLr(A). 

Proof. One can prove it by using the local analogue (Lemma I4.18p . Namely let m = (m, 1) e Af(A), 
so rh~^ — (m^^, Tr(m, m~^)~^). Also let n* = {n,Sr{n)^^) G N{A)*. Then 

rhn*rh^^ = {m,l){n, Sr{n)^^){m^^ ,Tr{m,m^^)^^) 

= {mnm^^ , Sr{n)^^Tr{m, n)T{m, m^^)^^Tr{mn, m"^)). 

Then one needs to show 

Sr{n)''^Tr{m,n)Tr{m,m~^)~^Tr{mn,m~^) = s{mnm~^)~^ , 

so that mn*rh~^ = {mnm~^)* G N{A)*. But one can show it by arguing "semi-locally" . Namely for 
sufficiently large finite set S of places, we have 

= Y]^ Sr{nyY^Tr{rn^,ny)Tr{rn^,m,':^^y^Tr{m,^n^,m~^) 
ves 

Srimy)Sriny) 



, -u-1 Srimym^'^) _isSrimyny)sr{my''-) 

■ar[my,my ) — — ar{myny,my ) ^j— 

Sr(my)Sr{my ) Sr{mynymy ) 



where for the second equality we used (|2.4I) . for the third equality we used the same cocycle compu- 
tation as in the proof of Lemma 14.181 and finally for the last equality we used Sr{mynym~^) = 1 for 
all v(^S. □ 

Let us mention that for the case at hand one can prove this lemma as we did here. However this 
lemma holds not just for our GLr(A) but for covering groups in general . (See |MW[ LI. 3(4), p. 4].) 
At any rate, this lemma allows one to form the global induced representation 

Ind^/^) , n 

Af(A)JV(A)* 

for an automorphic representation tt of M(A), and hence one can form Eisensteins series on GLr(A) 
just like the non-metaplectic case. 
With this said, we have 

Theorem 5.26. Let P = MN C GLj. be the standard parabolic subgroup whose Levi part is M = 
GLrj X • ■ • X GLr;. . Further for each i — 1, . . . ,fc let Pi — MiNi C GL^- be the standard parabolic 
of GLr; whose Levi part is Mi — GL^. ^ x • • • x GL^^ . For each i, assume we can find that 
satisfies Hypothesis \3.21\ with respect to Mi (which is always the case ifn — 2), and we are given an 
automorphic representation 
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of Mi[K), which is given as the metaplectic tensor product of the unitary automorphic representations 
Ti_i, . . . , Ti^i^ of GLn 1 (A), . . . , GLr; (A), respectively. Assume that tt^ is an irreducible constituent of 

the induced representation Ind^^^^^*^ '^i ■ Then the metaplectic tensor product 

T^u ■■= (tTi (§)• • - iTTfc)^ 

is an irreducible constituent of the induced representation 



where Q is the standard parabolic of M whose Levi part is Mi x ■ ■ ■ x Mk, where Mi C GL^^ for each 
i. 

Proof. This follows from its local analogue (Theorem I4.19P and the local-global compatibility of the 
metaplectic tensor product tT;^ = tt^^^ . □ 

Remark 5.27. Just as we mentioned in Remark \4-.26\ for the local case, in the above theorem one may 
replace "constituent" by "irreducible subrepresentation" or "irreducible quotient", and the analogous 
statement still holds. 

5.6. Restriction to a smaller Levi. As the last thing in this paper, let us mention an important 
property of the metaplectic tensor product which one needs when one computes constant terms of 
metaplectic Eisenstein series. 



Both locally and globally, let 

M2 = GLr^ X • ■ • X GLr^ = { 



fir, \ 
92 



e M :g^e GUJ 



V 9kJ 

be viewed as a subgroup of M in the obvious way. We view GL^-n as a subgroup of GL^ embedded 
in the right lower corner, and so M2 can be also viewed as a Levi subgroup of GL^-n embedded in 
this way. 

Both locally and globally, we let 

TM2 ■■ M2 X M2 Hn 

be the block-compatible 2-cocycle on M2 defined analogously to tm- One can see that the block- 
compatibility of Tm and implies 

(5.28) = tm|m2xM2) 

which gives the embeddings 

M2 C M GL^. 

(Note that the last map is not the natural inclusion because here M is actually "^M, and that is why 
we use ^ instead of C.) 

For each automorphic form ip G V^r^ in the space of the metaplectic tensor product, one would like 
to know which space the restriction ^\m2(K) belongs to. Just like the non-metaplectic case, it would 
be nice if this restriction is simply in the space of the metaplectic tensor product of 7r2 , . . . , tt^ with 
respect to the character w restricted to, say, A-^ D M2. But as we will see, this is not necessarily the 
case. The metaplectic tensor product is more subtle. 
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First we need to introduce the subgroup of Ah which plays the role analogous to that of A^. 
For this, let us write 

Aj^iR) = {( (^"^^'■^ ^ J , : «i e i^^ e Zm. (i?)} 
for R = A or R = Fy. Then define 

This is a subgroup of and n M2{R) C The following is easy to verify by using 

the block-compatibility of the cocycle tm ■ 

Lemma 5.29. Let ( (^'^"■^ ^ J , 0, ( (^''^''' ^, ) , ?') G T/jerz 

Then let Am2 (R) be the image of Aj^{R) under the composite of the projections M{R) — > M [R) 
M2{R), and define 

Aj^^iR) ■.^p-\AmAR}). 
Namely Aj^^ (i?) is the group consisting of the elements of the form ( A^ '^^ with ( ^^^^^ ^ ^ ^ 

A~{R) for some ai G i?^". By the above lemma, Aj^^{R) is an abelian subgroup of ZM^iR) such 
that 

A,-7(i?)nM2(i?)cAj^^(i?). 

One can see that Aj^^ [R) is closed. 

Now assume that the group Aj^ used to define tt^ satisfies the following: 
Hypothesis 5.30. The group Aj^ is such that Aj^^ as defined above contains the center Z^ and 
satisfies Hypothesis \3.21\ with respect to M2 ■ 

The following can be merely checked case-by-case. 

Lemma 5.31. Ifn = 2, the choice of A-^ as in Lemma \A . 7| satisfies this hypothesis. Moreover, one 
has 

both locally and globally. 

We make this choice of so that we have 

M2 

Lemma 5.32. For R = A or F^, we have 

A^j^{R)m!('\r) = A^{R)M^^^\R) n M2{R). 

Also for global F we have 

A^Mt\F) = A^M(-\F)nsiM2{F)), 

where by definition 

A^, m(") (F) := A^, (A)m(") (A) n s{M{F)), 



which is not necessarily the same as Att {F)M^\f) . 
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Proof. The lemma can be verified by direct computations. Note that for both cases, the inclusion C 
is immediate. To show the reverse inclusion, we need that if a G A^{R) and m G M("^(i?) are such 
that am G Aj^{R)M^^^'' {R) n M2(R), one can always write a — 0201 with 02 G Ajj^{R) such that 
aim G M|"'(i?), and hence am = a2{aim) G Ajj:^ (i?)M^"^(i?). □ 

Next for each 5 G GL^i(F), define a;^ : A^^{F)\Aj^^^{k) by 

0Js{a) — w(s((5)as((5^"^)). 

Since s{5)Aj^^{K)s{5^^) ~ Aj^^{K) and Ajg^(A) C Aj^(A), this is well-defined, and since s is a 
homomorphism on M{F), ujg is a character. Indeed, one can compute 

(5.33) a;5(a) = (det5,deta)i+^'=tj(a) 
because one can see 

s{S)as{6-^) = (l,(det(5,deta)i+2=)a 

and Lu is genuine. Hence for each a G A^^(A) n A^^M^'^\f)A'4"'\a) we have 0^5(0) = tj(a) because 
(det(5, deta) = 1, namely 

'^'5lA^-j,,(A)nA^^^M<"'(F)M<"'(A) = '^lA^7^(A)nA^^^M<"'(F)M("'(A)- 

Therefore using 7r2, . . . ,7rfc and W5, one can construct the metaplectic tensor product representation 
of M2 (A) with respect to A-^^ , namely 

(5.34) TT^j := (7r2 • • • ® 7rfc)„, . 
Then we have 

Proposition 5.35. Assume A^ satisfies Hypothesis 1 5. 301 For each ^ G tt^j = (Tri(§ ■ ■ ■ (^TTk)^}, 

s 

where i:^^ — (712® • • • ®T^k)u:5 is in ([5. 5*^1 ) and S runs through a finite subset o/GLj.^ (F), and ms G 
is a multiplicity. (Note that which 6 appears in the sum could depend on ip.) 

Proof. Recall that 

(^(m) = ^ ip{s{-f)m; 1), 

7eAMM(")(_F)\Af(_F) 

where the sum is finite by Lemma EH Note that AmM(")(F) is a normal subgroup of M [F] , and 
hence AmM'^'^\F)\M{F) is a group, which is actually an abelian group because it is a subgroup of 
the abelian group AM(A)M(")(A)\Af(A). By LemmaESH we have the inclusion 

AmM''\f)\M2{F) AmM^^\f)\M{F). 

Hence we have 

= ^ Lp{s{-i)m; 1) 

76AmA/("'(-F)\A/(-F) 

= <^(s(/^)s(7)™; !)• 

7eJl/2(F)AMM(")(F)\A./(F) ^eAm^ Af^"' (F)\Af2 (F) 

By using Lemma 15.321 one can see that the map on Af2(A) defined by m2 i— t- 93(77128(7)771) is in 
the induced space c-Ind*^^^*'' tt,'"!, where tt,^", — ui-K^^ ® ■ ■ ■ ^■n')^^) and uj is actually the 

A^^(A)m("'(A) '^.2' ^^,2 V 2 k ) 



METAPLECTIC TENSOR PRODUCTS 



49 



restriction of uj to Aj^^{A). Now since we are assuming that satisfies Hypothesis 15.301 the inner 
sum is finite. Since the sum over 7 e 74AfM(")(F)\A/(F) is finite, the outer sum is also finite. 

Thus there are only a finitely many 71, ... , that contribute to the sum over 7 e M2{F)AmM'^"'^ {F)\M{F) 
and so we have 

N 

vim) = ^ ^ <^(s(/x7j)m; 1). 

*=1 tJ.eAM2M^'^'>{F)\M2{F) 

Note that one can choose 7^ to be in GLri(F), so s{^ji) = s{ji)s{^). So we have 

N 

^M=5I v(s(7»)s(m)w;1). 

One can see by using Lemma [5.321 that the map on M2(A) defined by 

7712 H> ip{s{-fi)m; 1) 

is in the induced space c-Ind''^^^*^ ir^J , where tt^"'' = ujy. (tto"'' (g) • • • (g) 7rl"h. Hence the func- 

tion on A^2(-'^) defined by 

1712^ ^ V'(s(7i)s(M)"i2; 1) 

f^eAM^A'4"'\F)\M2iF) 

belongs to tt^^ . Since we do not know the multiplicity one property for the group Af2, we might have 
a possible multiplicity ms. This completes the proof. □ 



Theorem 5.36. Assume that the metaplectic tensor product (tti® • • • '^T^k)u is realized with the group 
Aj~j which satisfies Huvothesis 1 5. 30\ (and of course Hypothesis 1 3. 21]) . Then we have 

(7ri(i)- • •§)7r/c)c^||^^(^) C ^ m5(7r2§) • • • 07rfc)^^, 

(5eGL,j(F) 

where ms G Z^*^ 

Proof. This is immediate from the above proposition. □ 



Also for the case n = 2, we can do even better. 

Theorem 5.37. Assume n — 2 and we choose A-^ to be as in Lemma |^. Tj For j — 2,...,k, let 
Mj = Ghr- X • • • X GLr^ C M embedded into the right lower corner. Then 

(tti® • • • §)7rfc)cu|lsf^(A) ^ ^m^'{-^j®---®T^k)uj', 
where lo' runs through a countable number of characters on Aj^ = A-^ Cl Mj. 

Proof. One can inductively show that A^^ = Aj^ ^ n Mj_i satisfies both Hypotheses 13.211 and 15.301 
for the Levi Mj. Thus one can successively apply the above theorem for j = 2, . . . , fc, which proves 
the theorem. □ 
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Appendix A. On the discreteness of the group Am M^^'^ {F)\M (F) 

In this appendix, we will discuss the issue of when At^ can be chosen so that the group 

is a discrete subgroup of A^{A)M^"^A)\M{A), and hence the metaplectic tensor product can be de- 
fined. In particular, wc will show that if n = 2, one can always choose such A-^, and hence all the 
global results hold without any condition. If n > 2, the author does not know if it is always possible 
to chose such nice A-^, though he suspects that this is always the case. 

Throughout this appendix the field F is a number field. Also for topological groups H C G, we 
always assume H\G is equipped with the quotient topology. 

The crucial fact is 

Proposition A.l. For any positive integer m, the image of F^ in A^'^\A^ is discrete in the quotient 
topology. 

Proof. Let K — Y[y Ky C be a compact neighborhood of the identity defined by Ky = Op for a 
finite V and Ky = Fy if v is infinite. To show the discreteness of the image of , it suffices to show 
that the set A^™ K r\ A^™ F^ has only finitely many points modulo A^™ , because then the image of 
in A^™\A^ has an open neighborhood of the identity in the subspace topology for A^"*\A^'"F^ 
containing finitely many points, and A^™ being closed the space A^"^\A^ is Hausdorf. 

Now let a™ G A^'" and u G F"" he such that a™w e A^^^JsT n A^^^F^^. Then u € A^^^JsT, and 
so for each finite u, we have Uy G Fy"^Ky, which implies the fractional ideal (m) generated by u is 
m}^ power in the group Ip of fractional ideals of F. Namely {u) G Pp Ci Ip, where Pp the group of 
principal fractional ideals. On the other hand for any (u) G Pp Ci I'p, one can see that u G A^"^K. 

Accordingly, if we define 

G := {uGF^ ■.{u)ePpni^}, 

we have the surjection 

F^™\G A^'"\(A^'"ii' n A^^F^), 
given by u h- > A^™u. So wc have only to show that the group F^™\G is finite. But note that the 
map u I— > (u) gives rise to the short exact sequence 

^ U^\Uf -> F^^yC ^ Pi!^\PF n ^ 0, 

where Uk is the group of units for F. Now the group U^\Up is finite by Dirichlet's unit theorem, 
and also the group Pp\Pp n /™ is isomorphic to the group of m-torsions in the class group of F and 
hence finite. Therefore F^"*\G is finite. □ 

As a first consequence of this, we have 

Proposition A.2. The image of M{F) in M(")(A)\M(A) is discrete. 

Proof. Let 

DetM : M(A) A^"\A^ x • ■ • x A^"\A^ 
^ ^ 

fc— times 

be the map defined by DetM(diag(g'i, . . . ,gk)) = (det(gi), . . . ,det(5'fe)). Then ker(DetM) = M^"\A). 
Moreover the map DetM is continuous. Hence we have a continuous group isomorphism 

M(")(A)\M(A) A^"\A^ X • • • X A^"\A>^. 

A priori, this does not have to be an isomorphism of topological groups. But the image of M{F) in 
A^"\A^ X • • • X A^"\A^ under DetM is discrete by the above proposition. Hence the image of M(F) 
in M^"')(A)\M(A) is discrete by the above continuous isomorphism. □ 

As a corollary. 
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Corollary A. 3. If the center (A) is contained in M^"\A), which is the case if n divides nvi/d 
for all i = 1, . . . , k where d — gcd(n, i — 1 + 2cr), then Hvvothesis \3.21\ is satisfied and the metaplectic 
tensor product can be defined. 

Proof If the center is aheady in M^") (A), one can choose A^{A) = Z^ (A) and then Ajg(A)M(") (A) = 
M(")(A), and soAmM'-''^{F) = M^'^\F). Then by the above proposition, AmM^'^\F)\M{F) is dis- 
crete in A^(A)M(")(A)\M(A). □ 

Another case in which the group AmM'^'^^{F)\M{F) can be shown to be discrete is the foUowing. 

Corollary A. 4. If the metaplectic preimage Zm{A) is abelian, then Hypothesis \ 3. 2 1\ is satisfied with 
A^{A) — Zm{A) and hence the metaplectic tensor product can be defined by choosing 

Proof. In this case, one can choose A^{A) = Zm{A). Then one can see that the group Am(A)M(")(A) 
is the kernel of the map 

DetM : M(A) ^ A^''iA''"\A^ x • ■ • x A^'''= A^"\A^ . 

But A^''*A^" A^"^', where c?i = gcd(n, r^). Hence we have a continuous group isomorphism 

AM(A)M(")(A)\Af(A) ^ A^'^i\A'' x • • ■ x A'"^''\A'' . 

Arguing as in the proof of the above proposition, we can show the discreteness of AmM'-'^\F)\M{F). 

□ 



Also Proposition IA.2I implies 

Proposition A.5. The group M(F)Af(")(A) (resp. M{F)*M^"^{A)) is a closed subgroup of M{A) 
(resp. M{A)). 

Proof. It suffices to show it for Af (_F)Af (A) because the canonical projection is continuous. Then 
one can apply the following lemma with G = M {A),Y = Af(") (A) and T ^ M{F). □ 

Lemma A. 6. Let G be a Hausdorf topological group. IfTcGisa discrete subgroup and Y G G a 
closed normal subgroup such that the image ofT in G/Y is discrete in the quotient topology, then the 
group TY is closed in G. 

Proof. Let p : G ^ G/Y he the canonical projection. By our assumption, the image p{T) of F is 
discrete in the quotient topology. Now since Y is closed, the quotient G/Y is a Hausdorf topological 
group. Hence p{T) is closed by [D-El Lemma 9.1.3 (b)]. To show FY is closed, it suffices to show 
every net {jiyi}i^i that converges in G, where 7i £ F and yi £ Y, converges in FY. But since p is 
continuous, the net {p{'jiyi)} converges in G/Y. But pi^iyi) = piji) and piji) G p(F). Since p(F) is 
closed and discrete, in order for the net {p{^i)} to converge, there exists 7 G F such that p(7i) = ^(7) 
for all sufficiently large i G I, namely, the net {^(7^)} is eventually constant. Hence for sufficiently 
large i, we have jiyt = jy'^ for some € Y. This means that the net {jiyi} is eventually in the set 
'jY. But since Y is closed, so is 'yY, which implies that the net {'jiyt} converges in 'yY C FY. □ 

Finally in this appendix, we will show that if n = 2, one can always choose A-^ so that the group 
Am M'^"-^ {F)\M (F) is discrete and hence the metaplectic tensor product is defined, and moreover the 
metaplectic tensor product can be realized in such a way that it behaves nicely with the restriction 
to the smaller rank groups. 

First let us note that for any r, the center Zgj^ (A) is given by 

/ . N r / ..N . v;.^ I 1 if r is odd: 

(A)-{(a/„e):aeAX-}, 

2 it r IS even. 
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Accordingly, one can see 

~ (2) fGLr(A) if r is odd; 

[(jLj. (A) li r IS even. 

With this said, one can see 
Lemma A. 7. Assume n — 2. Let 

Z, (A) = (A) C GL^, ( A) X • • • X GL^^ (A) C M ( A) , 

and 

A^{A) = Zi(A)Z2(A)-.-Zfe(A). 

TTien Aj^(A) is a closed abelian subgroup of Zm{A.) such that the group Aji/(A)Af(2)(A) is the kernel 
of the map 

DetM : Af(A) A''^'\A'' x •■• x A^'^'^VA^, 

where Si is either 1 or 2. 

Proof. That the group ylM(A)Af'^^^ (A) is the kernel of the above Det^f is easily shown by induction 
on k with the above description of the center Z^ (A). It is clear that Aj^{A) is abelian since for 

each i ~ 1, . . . , fc, Zi is the center of GL^-h ^^^(A), and hence commutes pointwise with Zj{A) C 

GLr;H hrfc(A) for all j > i. To show Aj^{A) is closed, it suffices to show Am{A) :— p{Aj^{A)) is 

closed. Now one can write Am (A.) = Yil ^AiiFv), where Aa/ (-Fl,) is defined analogously to the global 

(2) (2) 

case. Then one can see that the Z^./ {Fy) C Am{Fv) C ZM{Fy), and since Z\j' {F^) is closed and of 
finite index in Zm{Fv), so is Am{Fv)- But ZmIFv) is closed in M{Fy) and so Am{Fv) is closed in 
M{Fy ). Then one can show that Am {A) is closed in M(A) by Lemma [2.211 □ 

This gives 

Proposition A. 8. Assume n — 2 and Aj^{K) is as in the above lemma. Then the group Aj^{A)M'^'^\A) 
is closed and the image of M{F) in Am{A)AI'-^''{A)\M{A) as well as in A^(A)M(2)(A)\M(A) is dis- 
crete. 

Proof. By the lemma, one has a continuous group isomorphism 

Ajj(A)m(2)(a)\X/(A) A^-^^VA^ X ••• X A^^'=\A^ 

where the space on the right is Hausdorff. Hence the space on the left is Hausdorf as well, which 
shows Ajj(A)M(^^(A) is closed. Also one can show that the image of M{F) is discrete as we did for 
Proposition ESI □ 
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